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To the instructor 


How to use this book 


The genesis for this theorem sequence came from my deeply held belief that students 
learn and retain content best when they assume responsibility for its development. 
Students need not come up with the topics of the subject themselves - that’s one of the 
roles an instructor plays. Instead, the students should take a journey where topics are 
introduced as naturally and organically as possible from previous topics. My task in 
writing this book is to put this philosophy of learning into practice in the context of the 
traditional topics undergraduates encounter in an abstract algebra course. 

The overall structure of the book should therefore come as little surprise: students 
begin with a very familiar object (the integers), and the succeeding chapters ask the 
students to become more abstract in their approach, using familiar objects as grounding 
for the theory. While a few of the sections can be taught in an order different from the 
order presented in this book, most of the flow of the text relies on questions or issues 
raised from the previous section or two. For first-time users, then, I recommend going 
through the chapters in the order given; should you choose to use this book again, 
you'll be in a better position to adjust the sequence. 

Students need to have experience with two topics to succeed using this book. First, 
students need to know how to prove theorems. The exact content of such a course 
isn’t particularly important, as long as students know how to structure a proof and use 
mathematical notation involving sets. If students haven't seen relations or functions, 
though, Appendix A contains all that is needed for this book. Second, students need 
to know basic properties of matrices, especially matrix inverses and determinants. I 
occasionally have students take linear algebra and abstract algebra simultaneously, and 
for them, I have Appendix B as a supplement, or for those who need a refresher on the 
subject. 


Class structure 


The premise in using a theorem sequence is for the students to derive the proofs on 
their own. That doesn’t mean that the instructor doesn’t have a role, but it does mean 
that the instructor’s role isn’t that of showing students “how it’s done.” Rather, it’s the 
students who present their ideas to each other, while the instructor makes sure that 
the ensuing conversation is adequate to address the issues raised. Consequently, the 
only real way to circumvent the intention of the theorem sequence is for the instructor 
to prove the theorems for the students. Yes, there will always be a couple of theorems 
that students just can’t get, or perhaps the students will be given a break one day, so 
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that the instructor will prove a small number of theorems for them. But by and large, 
the instructor’s job isn’t to show the students how to prove the theorems. That’s their 
job. 

Hence, there are several very reasonable structures an instructor can employ to be 
faithful to the inquiry-based approach of this book. Any structure taken, though, relies 
on student engagement with the theorems at hand, along with student contributions 
of their results to the class. There is no one single class structure that an instructor 
needs to use for this book to be an effective tool. As a sample of reasonable approaches 
an instructor might take, the following are all faithful ways to structure a course using 
this theorem sequence. 


« Assign a small number of theorems or exercises for the students to prepare for class 
each day. Students work independently before class, and during class students 
discuss the topics and present their theorems to each other for analysis. 


« Have students work in groups outside class to develop proofs of all or most of the 
theorems from a section. During class, individuals from different groups take turns 
presenting their proofs to the class. Groups can post their proofs beforehand to a 
discussion board or other shared medium. 


¢ Have students work together in class on some of the more straightforward the- 
orems and exercises. Outside class, have students prove additional theorems or 
work additional exercises, with the more central theorems presented the next class 
period. 


¢ Foran independent or directed study, you and the student share the task of prepar- 
ing proofs of the theorems. 


Whatever approach is taken, the role of the instructor is not that of a presenter. 
Rather, depending on how the class is structured, the instructor’s role is that of a mod- 
erator, or a judge, or a guide, ora resource for students. After all, the students’ ideas are 
what drive the course; what the instructor does to help students grow is to emphasize 
or highlight particularly salient aspects of what the students themselves came up with 
and presented. 


Content and pace 


The book is written intending for the first fifteen chapters (Parts I - III) to be used for a 
first course in abstract algebra, which aligns with the MAA’s 2015 CUPM curriculum 
guide. However, it’s not at all feasible to cover all the theorems in those chapters in 
a typical fourteen-week term: there are over 200 theorems for the students to prove, 
which would require an unrelenting, unforgiving pace of a minimum of 15 theorems 
per week. Instead, the goal is that nearly all fifteen chapters will be dealt with at some 
point, omitting theorems and sections as the instructor chooses. The book’s structure 
suggests the following pace to use as a guide: cover chapters 1-5 (Part I) for about 
four or five weeks; cover chapters 6-11 (Part II) for about four or five weeks; and cover 
chapters 12-15 (Part II) for about four or five weeks. Try not to allow the students to 
wallow longer than five weeks on any of the three parts. It’s better to skip theorems 
and topics that you judge to be less central to the subject than to cover every topic. If 
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you feel it’s important for students to grapple with skipped theorems, assigning them 
as homework problems is a really good idea. 

On the other hand, if your institution has a second course in abstract algebra, then 
the remaining chapters (Parts IV - VI) along with anything you skipped make for a 
very nice and full second course. You’ll notice that there are fewer chapters in these 
last three parts, and that’s by design. This part of the book was written with two goals 
in mind: allow students to continue their investigations into abstract algebra, and to 
support the MAA’s CUPM guide for recommended topics in the subject. Indeed, the 
topics included in Parts IV - VI are not intended to limit what instructors can have their 
students discover, but rather to act as a platform for deeper investigations by students, 
either as projects, instructor interests, etc. 

When I teach from Parts I - III, I’ve found that a reasonable way to keep students on 
track is to set a goal of 12 theorems each week, with the expectation that students will 
likely discuss only 8-10 of those theorems during the week. After each class meeting, I 
assign the next few theorems to the class as a whole, based on where in the sequence the 
class ended. For a class that meets three times a week, I assign three or four theorems 
or exercises for presentation at the next class meeting; for a class that meets twice a 
week, I assign five or six theorems or exercises for the next class meeting. For a second 
course, the theorems tend to be a bit more involved, and presenting and discussing full 
proofs of those theorems can take a bit longer. Hence, for a second course, I moderate 
my expectations slightly, assigning fewer theorems each week, but having a deeper and 
richer discussion in class. 


Exercises 


Finally, I need to mention the role that the exercises play. The ideas and tools in ab- 
stract algebra are almost always foreign to students, and students struggle seeing the 
connections between disparate objects that the theorems of the subject make. Hence, 
the exercises are crucial in giving students tangible applications and expositions of the 
theorems, as well as developing their intuition to make more of these connections on 
their own. There are too many exercises to warrant assigning them all, but their com- 
pletion is fundamental for the development of student understanding of the theory. 
Some exercises are excellent motivators for the theory, occurring just before a defini- 
tion or theorem; those that follow definitions and theorems are good applications of 
what the students just encountered. 

Consequently, while the theorems take center stage in this book, including exer- 
cises as part of the class routine is necessary for students to check their understanding 
of what a theorem really does for them. A good way to use them is as prompts for in- 
class discussion, either as preparation for an upcoming theorem, or as a follow-up from 
the previous theorem(s). This low-stakes approach gives students the freedom to make 
mistakes and instructors the ability to check how well the class as a whole understands 
the recent material. 


To the student 


I have a question for you. Given that the title of this book is, “Discovering Abstract 
Algebra,” do you think this book intends to show you how abstract algebra (whatever 
that is) was discovered by others, or that this book intends for you to discover abstract 
algebra (whatever that is) for yourself? 

If your response to that question is the former, then it might be because that’s 
the way many of the math courses you’ve taken have been taught. You are shown a 
particular topic or idea, chosen by the instructor (or the book the instructor is using), 
after which the instructor might give several examples of what to do with the ideas. 
Between classes, you are asked to practice what you saw by doing homework problems 
that repeat the examples you saw in class. Every so often, you’re examined on how 
well you can remember what you were shown. When you can recite how the ideas 
were used, you are evaluated as knowing the material. 

In contrast, this book’s intent is precisely the latter: for you to discover for your- 
self the main themes, ideas, and consequences of the subject we call abstract algebra. 
Indeed, the book intends to lead you through a journey, introducing you to interest- 
ing objects, suggesting things for you to investigate about them, and prompting you to 
think about where your conclusions might lead you. Consequently, the book provides 
you with the definitions of the objects and the theorems you are to prove concerning 
them, but there are no proofs and only a few examples. The development of abstract 
algebra is yours to claim for yourself. 

Think about what that means the book asks of you. You cannot passively read the 
book, expecting the book to do the work of explaining the material to you for you to 
simply believe and repeat. No, the book requires you to be active in your engagement 
with the material. You will have to prove the theorems, you will have to work out 
examples, you will have to practice with the exercises. 

Each chapter of this book represents a new object to study, or a known object to 
analyze more deeply. The most important aspects in each chapter with which to en- 
gage are the theorems, of course. But usually there’s an example or exercise that helps 
motivate a theorem or to which you can apply the theorem you just proved. You can’t 
really claim to understand the subject simply by doing computations, and unless you 
can apply the theorems to specific examples, you don’t really know what’s going on 
either. Yes, the theorems take center stage, but it’s not a solo act. The exercises and 
examples help support and describe what’s going on. 

Now, please don’t feel like you have to prove every single theorem and work every 
single exercise correctly to learn the material. Part of actively engaging the subject 
includes the expectation that you will not always succeed: you won’t see the insight of 
a proof, or how an example motivates a theorem, or how to solve an exercise using the 
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concepts developed. What you can expect, though, is that your diligent, active attempts 
to resolve the issues at hand are exactly what it takes to learn the subject. Being able 
to learn why something doesn’t work is just as valuable and important as seeing why 
something does work. 

As you work through this sequence of theorems, then, avoid giving in to the temp- 
tation to give up just because you don’t immediately know how to prove the theorem 
before you. Indeed, another part of what actively engaging the subject includes is a 
devotion to play. Yes, that’s right, play. Play with examples, ideas, definitions, the- 
orems - really, anything that you can which you think might help you along with a 
proof. But unlike homework problems that can be solved in a couple of lines by us- 
ing a formula, proving theorems takes perseverance. Mathematical play gives you the 
time, space, and freedom to try different things, good and bad, so that you can work 
towards a proof or solution. And while not everything you try will work, do have faith 
in yourself that your mathematical background has provided you with enough tools to 
engage in productive play. 

Finally, but certainly not least, don’t expect your ideas to be succinct, refined, or 
sophisticated. When actively engaging a subject for the first time, the first proofs of 
theorems tend be, well, rough. But again, that’s not the point of working through the 
theorems. Any correct proof of a theorem is no more or less valid than any other one. 
That’s why you can’t really talk about “the” proof of a theorem at all (there are over 350 
different proofs of the Pythagorean Theorem alone). Each proof reflects one person’s 
insights into the problem, and the more proofs you see and understand, the more you 
grow and the more tools you have with which to play. Hence, be prepared to share 
your ideas with your classmates, so that everyone can see what you see, but also so 
that others can suggest improvements to make your ideas clearer. 

So, go into this process expecting things to get messy. Mathematical play is sup- 
posed to be messy. The objects you’re about to meet took decades to become as clear 
and precise as they are now. Give yourself that same freedom to be messy, with the 
goal of becoming more and more clear and precise as you proceed through the theo- 
rem sequence. And when you're done, you can say confidently that you did, in fact, 
discover abstract algebra. 


Part 1 


Group theory 


Introduction 


1.1 A brief backstory 


Algebra is an old subject. I mean, really, really old. But exactly how old the subject 
is depends on what we mean by algebra For instance, consider Diophantus, a 3rd 
century Greek mathematician of Alexandria. His 13-volume treatise, the Arithmetica, 
includes what many view as a first attempt at algebra. In it, Diophantus articulates a 
process for finding a number that solves a particular computational problem. To aid 
his exposition of solving these problems, he develops a system to notate the unknown 
solution and the operations that describe that process. Is this where algebra started? 

Perhaps instead we should consider Muhammad ibn Musa al-Khwarizmi, a 9th 
century Arabic mathematician of Baghdad. One of his great works, Hisab al-jabr w‘al- 
muqabala, is also considered a treatise on algebra. Indeed, it is this book from which 
our term “algebra” is derived, coming from the Latin translation of the Arabic word “al- 
jabr” as “algebrae.” In his book, al-Khwarizmi poses problems to find a number that 
satisfies a computational procedure, much like Diophantus. But al-Khwarizmi groups 
his problems into different types, and for each type of problem he provides a process to 
find the desired number. Is this really the beginnings of algebra? 

To be fair, this brief introduction misses the point. What’s relevant is not the who, 
where, or when, but rather the what: what topic are these two individuals interested in 
understanding? From the brief summary above, it’s clear that both of them are inter- 
ested in developing a process (if one exists) for identifying one or more numbers that 
satisfy an initial description. In our modern terminology, what they’re both doing is 
solving equations. Hence, this subject which we now call algebra concerns itself with 
solving equations, and that will be our primary goal in this book as well. 

That said, we do not intend to start with Diophantus or with al-Khwarizmi and pro- 
ceed through nearly two millennia of mathematics. After all, during that time, mathe- 
maticians developed and advanced what we now recognize as our notions of equation 


1For an excellent exposition of the mathematicians at the heart of algebra’s origins, read Chapter 5 of 
The History of Mathematics by David M. Burton. 
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and solution, along with a variety of notations, objects, and operations to which those 
same concepts apply. Furthermore, due to the wide variety of objects to which these 
concepts apply, mathematicians have done what they do best: identify common ele- 
ments from the disparate objects and create a body of knowledge around them. This 
tendency of mathematics to abstract common themes is why this course is commonly 
referred to as abstract algebra. Therefore, while the topics you’re about to encounter 
may seem far, far removed from these humble origins, the quest to solve equations is 
nonetheless the driving force behind everything you will learn. 


1.2 Properties of the integers 


Our subject begins with a discussion of a familiar set of numbers, the integers, which 
is the set {--- — 2,—1,0,1,2,...}, denoted by Z. Those integers that are greater than 
zero, the positive integers, are denoted Z*+. While computations involving sums and 
products of integers are familiar, there are three properties that you will want (and 
need) to know for reference in your proofs. 


Property 1. If x and y are integers, then so is x + y; if x and y are positive integers, 
then soisx+y. 


Property 2. If x and y are integers, then so is xy; if x and y are positive integers, then 
so is xy. 


Property 3 (Well-ordering property). Every nonempty set of positive integers has a 
least element. 


This last property is particularly important and useful in algebra. It says that if 
you create a set of positive integers and can prove that it’s not empty, then your set 
has a smallest element. Consequently, this property is often used when you want to 
prove that a smallest number exists in a set that you’ve created. For practice, read the 
following definition, then use the well-ordering property to prove your first theorems. 


Definition 1.1. Let n € Z. An integer m is a multiple of n if and only if there exists 
an integer k such that m = nk; we also say that n divides m and that n is a divisor or 
a factor of m. The set of all multiples of n is denoted nZ = {nx|x € Z}. 


Theorem 1.2. Let m,n € Z+. Then there is a smallest positive integer belonging to 
nZnmzZ. 


Definition 1.3. If m,n € Zt, then the smallest positive integer 1 € nZ N mZ is called 
the least common multiple of m and n. 


This first theorem is a good application of the well-ordering property, but its sim- 
plicity is due mostly to the fact that the subset of Z*+ was (nearly) given to you. More 
often, you'll have to construct your own subset of positive integers, then apply the well- 
ordering property to the set you created. The following very useful theorem illustrates 
this point. 


Theorem 1.4. Let S be a nonempty set of integers. If there exists an integer m such that 
m <sforalls € S, then S has a least element. 


1.2. Properties of the integers 5 


Let’s use what we've learned to prove our first major theorem, called the Division 
Algorithm. As an aid, first prove this little lemma, then use that lemma to prove the 
theorem. 


Lemma 1.5. Let m and n be integers, with n > 0. Then the set {m —x|x € nZ}hasa 
least nonnegative element. 


Theorem 1.6 (The Division Algorithm). Let m and n be integers, with n > 0. Then 
there exist unique integers q and r such thatm = nq+r, whereO<r<n. 


Definition 1.7. Let m and n be integers, with n > 0. Then the unique integers q and 
r such that m = nq +r, where 0 <r < n, are called the quotient and remainder, 
respectively, of m divided by n. 


Corollary 1.8. Let mand n be integers, with n > 0. Then mis a multiple of n if and only 
if the remainder of m divided by n in the Division Algorithm is 0. 


Theorem 1.9. Let a,b,n € Zwithn > 0. Ift and ry are the remainders of a and b 
divided by n, respectively, then the remainder of a + b divided by n equals the remainder 
of % +1» divided by n, and the remainder of ab divided by n equals the remainder of tyr p 
divided by n. 


Binary operations 


2.1 Closure 


When one begins to think on the variety of equations one tries to solve, it doesn’t take 
long to realize that each subject has its own objects, upon which are defined a variety 
of processes that you can use to manipulate them: addition on numbers, matrix multi- 
plication on matrices, etc. But despite the apparent differences between them, they all 
share one fundamental property: whenever you combine two or more of the objects, 
you get another object of the same type: the sum of two numbers is a number, the prod- 
uct of two n X n matrices is another matrix, etc. Hence, that’s where we'll start our 
study of abstract algebra proper. 

To begin, let’s reflect on what we’re really doing when we “combine” objects. We 
take two objects from a set and apply some kind of rule or process to this pair of objects, 
and the result produces an object from that same set. Yet what we’ve described here 
is nothing more than a function whose domain is ordered pairs of elements from a set 
and whose range is contained back in that same set. This basic observation is codified 
in the following definition. 


Definition 2.1. Let G be a set. Any function, +, whose domain is G x G is a binary 
operation on G if and only if the range of * is a subset of G. When » is a binary 
operation on G, we say that G is closed under +. We denote the image of (a, b) under 
* as a « b. We write (G, «) to indicate that « is a binary operation on G, and we say that 
(G, *) is a binary structure. 


Although a binary operation is simply a particular function, it’s probably best to 
review the terms about functions and how they apply to this definition. If you need, 
read Section [A.2]in Appendix {A] for a refresher on the relevant terminology. 


(1) If * is a binary operation on a set G, then the element a « b cannot be undefined for 
any elements a, b € G. For instance, if we let G = Q and define . * s = . ip <, then 
this rule isn’t defined when c = 0, since division by zero isn’t defined. 
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(2) Likewise, if « is a binary operation on a set G, then the element a « b must be well- 
defined for each pair of elements a, b € G. For instance, if we let G = Q and define 


. * s = a-+c, then this rule isn’t well-defined, since ; and < represent the same 
number, but . * 5 =a+1,and . * A = a + 2, which are always different. 


Aside. Students often fail to appreciate the import of this example. The issue of a well- 
defined function always arises whenever the objects in the set have more than one de- 
scription or form. The standard way to verify that a binary operation * is well-defined is 
to take two equivalent forms of the objects in your set and prove that the result does not 
depend on the form of the objects. Functions dealing with rational numbers frequently 
fall in this category, since every rational number has infinitely many equivalent frac- 
tional forms. Hence, to check that a function f is well-defined in this case, you would 
need to suppose that $ = 5 and prove that f (¢) =f (5). 

This idea of closure isn’t new - go back and look at the first two properties of the 
integers and positive integers. Those two properties simply state that addition and 
multiplication are both binary operations on Z and Zt, so that Z and Zt are closed 
under both addition and multiplication. In general, it’s pretty easy to define a binary 
operation on a set - simply make sure that it’s well-defined, it’s defined everywhere, 
and that it’s closed, and you’re done! 


Example 2.2. Most operations you can think of are binary operations. For instance: 


(1) Addition, subtraction, and multiplication of integers, real numbers, and complex 
numbers are all binary operations on those sets, but not division, since division by 
zero isn’t defined. 


(2) Addition and subtraction of m x n matrices with either integer, real, or complex 
entries are binary operations on those sets, but not multiplication, since multipli- 
cation isn’t defined when m # n. However, if your set is all n x n matrices, then 
multiplication is a binary operation on that set of matrices. 


(3) Addition, subtraction, and multiplication of functions from Z, R, or C to Z, R, or C 
are all binary operations on those sets of functions, which brings us to an important 
notational issue. We define the sum (or difference, or product) of two functions f 
and g by defining (f + g)(x) = f(x) + g(x) (likewise for subtraction and multi- 
plication). In other words, the symbol f + g is the name of the sum of f and g, 
and the image of the “sum” function f + g is the sum of the individual images of 
f and g. 


(4) Given any set A, then composition of functions from A to itself is a binary operation 
on the set of all functions from A to itself. 


Some less usual ones for you to consider are: 


(1) For any nonempty set A, pick any element c € A, and define a * b = c for all 
a,b € A. In other words, you always get c. 


(2) For any nonempty set A, define axb = a. In other words, forget the second element 
entirely. 


(3) On the set Zt, the operation a + b = a? is a perfectly fine binary operation. 
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(4) The set 1§ €Q|b= 2k ke z} is called the set of dyadic rationals, and multipli- 
cation is a binary operation on that set. 


Exercise 2.3. For each set below, determine if the proposed operation on the set G is 
a binary operation. If not, explain if the operation isn’t well-defined, if it’s undefined, 
or if it’s not closed. 


(1) G=Z;axb=a> 
.a Cc _ ate 
(2) G=Q5*5=57 
(3) G=R;axb=|b-al. 
(4) G={a+ bie Cla,b € O,a* +b? £0};2% w = 2Z/w 
(5) Gis the set of dyadic rationals; a *b =a+b. 


(6) G={f: R>R|f@) =axt+babeER}fxg=fog 


noel 


oof} 


Notice that in the above examples and exercises, the order in which the elements 
appear in the operation sometimes matters; that is, computing a « b might be different 
from b « a. A very good example of this is matrix multiplication: given two n x n 
matrices A and B, the product AB need not equal BA (in fact, it’s rarely true that those 
two are equal). Likewise, the order in which you compose functions also matters, since 
fogand go f are typically different functions. Hence, we should probably give this 
concept a name. 


a, b,c, d are odd integers} ;A*xB=AB 


ab Rad # bel x B= AB 


Definition 2.4. Let (G, «) be a binary structure. Then « is commutative if and only 
ifaxb=bxaforalla,beEG. 


Exercise 2.5. Identify which of the binary operations in Example .2jand Exercise 
are commutative and which are not. 


Our next concept needs a bit of motivation before we define it. To begin, if (G, «) 
is a binary structure, then for any a,b € G, the object a « b is an element back in G. 
That means we can pick a third element, c € G, and we can compute (a * b) * c. On 
the other hand, suppose we compute b « c first, and then compute a * (b * c) second. 
Should we expect (or even want) those to be the same? 

This doesn’t always happen, unfortunately, which is something each grade-school 
child learns. Specifically, consider the operation of subtraction on the integers. If you 
take three numbers, a,b,c € Z, and compare (a — b) — c and a — (b — c), you don’t 
always get the same answer. That’s why we can’t just write down the symbol a — b—c 
and have it make sense - depending on how you group the numbers, you'll possibly 
get different results. On the other hand, addition and multiplication of integers (and 
real and complex numbers too, for that matter) can be grouped differently without 
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changing the result: (a+b)+c = a+(b+c) and (ab)c = a(bc). That’s why the symbols 
a+b+cand abc are unambiguous. It has nothing to do with the order in which the 
numbers appear - that’s the commutative property. It’s all about how the numbers are 
grouped, and that’s our next property to define. 


Definition 2.6. Let (G, *) be a binary structure. Then « is associative if and only if 
(ax b)x*c=ax(b*c) for alla,b,c EG. 


Example 2.7. Most of the common examples given previously are associative opera- 
tions: addition and multiplication of objects such as numbers, functions, and matrices 
are all associative operations, as well as function composition. 


Exercise 2.8. Go back to the less usual examples from Example 2.Jjas well as Exercise 
2.5, and determine which of those operations are associative. 


When a binary structure (G, *) has an associative binary operation, we simply write 
a» b * c to indicate either (a « b) * c or a * (b * c), since there is no ambiguity. We 
can then extend this notation to any finite number of elements in G; that is, we write 
a, * a2 *-++* a, to indicate any of the possible groupings of the qj, all of which yield the 
same result due to associativity. Technically, this fact needs a proof, but the induction 
is needlessly messy, and it really doesn’t shed any light on the concept. 


2.2 Binary tables 


When a set G is small, one way to define a binary operation * on G is to list all of the 
possible combinations of a « b for elements a,b € G. The most convenient way to do 
this is to set up a table whose entries indicate the result of applying the binary operation 
to two elements. Specifically, we create a binary table to define a binary operation on 
the set G = {a,,...,a,} in the following way: 

1) Write the elements of G in a column, then write them in a row at the top in the 
same order as you did in the column. 

2) Fill in the corresponding n? entries with exactly one element in G. 

3) Define the element a; * a; to be the entry in the i” row and the j‘” column. 

It’s also easy to verify that your table gives a rule that is both well-defined and is 
defined everywhere. After all, as long as every entry is filled with at least one element 
of G, then a « b is defined everywhere; and as long as you don’t put more than one 
element from G in any entry, then your rule is well-defined. 


Exercise 2.9. Let G = {a,b,c}. Suppose we define a binary operation on G with the 
following table: 


* |la| ble 
ad aa ic (So, for instance, c * a = a.) 
b||b|b|b 
c||ala|b 


(1) Computea*b, ba, bb, (axc)*b, ax(cxb), c#(c*c),and(c#c)*c. 


(2) Determine if the operation is commutative, associative, neither, or both. 
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There’s really no theory about binary tables, but there are several observations that 
are useful to have. First, since you can put any of the n elements of G into any of the 
nr? entries, there are a total of n”™ possible ways to construct a binary operation on G. 
Second, checking to see if a binary table’s operation is commutative is easy: reflect 
the table along the “main diagonal” and compare with the original table. If they’re 
the same, then it’s a commutative operation; otherwise, you'll have at least one pair of 
elements a;, a; such that a; * aj # aj * qj. 

Associativity, on the other hand, is never easy to check by looking at the table. 
That’s because checking associativity deals with using the table sequentially. It also 
means verifying that (a * b) *c = a * (b «c) for all choices of a, b,c € G, which means 
you've got n° different pairs of triples to compare. That’s just too tedious to do by hand; 
a computer is almost a necessity if you need to know if your operation is associative. 


Exercise 2.10. Several entries in the binary table below have been left blank. It turns 
out that there’s one and only one way to fill in the table so that the resulting binary 
operation is associative. Fill in the missing entries to create an associative binary op- 
eration. Is the operation commutative? 


* ||a| ble 


a 


a|a;a 
io) 


b 


(Hint: You need b « (b * c) = (b * b) x cand b x (c xc) = (b *c) * c. What is the 
only element that b « c can equal?) 


2.3 Isomorphic structures 


Consider the following two binary tables: 


*x jl al b [ cld 
alalb | ¢ dec 
bi bla | cld 


Strictly speaking, these are two different binary structures; after all, the sets them- 
selves are different. However, if you compare these two structures, you might notice 
that the way in which the elements are related by the operation is remarkably similar. 
In fact, we could try to compare their structures by “matching” a with d and b with c. 

If we now compare the various ways * operates on {a, b}, we notice that *’ operates 
on {c, d} in the exact same way when the elements are matched in this way. That means 
that the only difference in the two binary structures is the names of the elements, not 
the nature of the operation itself. We really don’t want to call these two binary struc- 
tures different because of how the elements are named. We'd like to call two structures 
“the same” if we can match the elements up in such a way that the operations also 
match up. But what exactly does it mean to match up elements? 

We once again turn to functions for aid. After all, functions are the key mathe- 
matical objects that we use to associate elements in one set to elements in another (or 
the same) set. In our case, we want to do more than just associate elements - we want 
to match them up exactly. The following terminology can be found in Section [A.3jin 
Appendix Al, but we'll include it here for reference. 
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Definition 2.11. Let f : X > Y bea function. 


(1) We say f is injective or one-to-one if for every y € Y, there is at most one x € X 
such that f(x) = y. When f is injective, we say that f is an injection. 


(2) We say f is surjective or onto if for every y € Y, there is at least one x € X such 
that f(x) = y. When f is surjective, we say that f is an surjection. 


(3) We say f is bijective if f is both injective and surjective. When f is injective, we 
say that f is an bijection. 


So, an injection is a function such that no two different elements in the domain 
are mapped to the same element in the range; a surjection is a function whose range is 
the entire codomain. But bijections are the functions for which every element in the 
codomain is the image of one and only one element in the domain. That’s exactly what 
we're looking for when we want to match up elements in two sets, and that’s what we'll 
use in our key term of this section. 


Definition 2.12. Let (G, *) and (G’, *’) be binary structures. A bijection ¢ : G > G’ 
is called an isomorphism from G to G’ if and only if f(a « b) = ¢(a) *’ G(b) for all 
a,b € G. We say that (G,«) is isomorphic to (G’, «’) if and only if there exists an 
isomorphism from G to G’, and we write (G, *) = (G’,*’). Finally, an isomorphism 
from a binary structure to itself is called an automorphism of the binary structure. 


Exercise 2.13. Which, if any, of the following are isomorphisms? Are any automor- 
phisms? 


(1) ¢: (R, +) > (Rt, -) is given by ¢(x) = e*. 

(2) ¢: (Z,-) > (2Z,-) is given by ¢(x) = 2x. 

(3) $ : (Q*,-) > (Q*,-) is given by $(x) = =. 

(4) G is the set of all m x n invertible matrices, and ¢ : (G,-) > (G,-) is given by 
¢(A) =A}, 

Theorem 2.14. Let (G, *),(G’, *’), and (G", *”) be binary structures. Then: 

(1) (G, «) is isomorphic to itself: 

(2) If (G, *) is isomorphic to (G’, «'), then (G’, «') is isomorphic to (G, *); 

(3) If (G, *) is isomorphic to (G’, *') and (G’, *’) is isomorphic to (G", *"), then (G, *) is 


isomorphic to (G”, *""). 


Of course, that this means that the relation of “isomorphic” is an equivalence re- 
lation on the set of binary structures (see Section in Appendix A]. In this way, we 
can simply say that (G, «) and (G’, *’) are isomorphic. 

It’s worthwhile to highlight both what it takes to use the definition directly to show 
that two structures are isomorphic, and what it takes to show that two structures are not 
isomorphic. For the former, you must first find a function ¢ : G > G’, then prove that 
your function is one-to-one, onto, and that for all a, b € G, that (a * b) = f(a) *’ f(b). 
On the other hand, to show that two structures are not isomorphic, you must show that 
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it is impossible to find such a function. Showing that one or two functions don’t work 
isn’t enough - you've got to prove that no isomorphism exists. Although that may seem 
hard, there is a classic way to do this. 


Definition 2.15. An algebraic property is any property defined in terms of a binary 
operation such that if (G, «) has that property, and if (G, *) and (G’, «') are isomorphic, 
then (G’, *’) also has that property. 


Identifying algebraic properties is exactly what’s used to identify when two struc- 
tures are not isomorphic. After all, if one structure has a particular algebraic property 
that another one doesn’t, then it’s impossible for them to be isomorphic: if they were 
isomorphic, then they’d both share the same property! Hence, identifying those prop- 
erties that are algebraic will be a continuing theme in this book. Let’s build some now 
to help develop this idea. 


Theorem 2.16. The property “« is commutative” is an algebraic property. 


Theorem 2.17. The property “x is associative” is an algebraic property. 
The following is one of the most common algebraic properties you’ll encounter. 


Definition 2.18. Let (G,*) be a binary structure. An element e; © G such that 
er, * g = g for all g © Gis called a left identity element for G. Likewise, an ele- 
ment er € G such that g * er = g forall g € Gis called a right identity element 
for G. An element e € G that is both a left and right identity for G is simply called an 
identity element for (G, *). 


Theorem 2.19. If a binary structure (G, *) has an identity element, then that identity 
element is unique. 


Thus, when a binary structure has an identity element, we can talk about the iden- 
tity element. Because of this, when you want to make a table ofa binary structure that 
has an identity, there is a convention we use: list the identity element first. 


Exercise 2.20. The same theorem isn’t true for left or right identity elements. Create 
a table to define a binary structure which has two left identity elements. 


Theorem 2.21. If (G, *) and (G’, *’) are isomorphic binary structures, and (G, *) has an 
identity element e € G, then ¢(e) is the identity element for G’, where @ : G > G’ is any 
isomorphism from G to G’. Consequently, the property “(G, *) has an identity element” is 
an algebraic property. 


In other words, having an identity element is a structural property, and isomor- 
phisms take the identity element to the identity element. 


Exercise 2.22. In each of the following standard binary structures, identify the identity 
element, if it exists. 

(1) (Z, +) (likewise for Q, R, C). 

(2) (Z, -) (iikewise for Q, R, C). 
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(3) (G,-), where G is the set of all n x n matrices over Z (likewise for matrices over 
Q,R, C). 


(4) (G,o), where G is the set of all functions f : A > A for a given nonempty set A. 
Let’s define one last property, then move on. 


Definition 2.23. Let (G, «) be a binary structure with an identity element e. A left 
inverse for an element a € G is any element a’ € G such that a’ * a = e. Likewise, a 
right inverse for an element a € G is any element a’ € G such thata* a’ =e. An 
element a’ € G that is both a left and right inverse for a € G is called an inverse for 
aeG. 


Theorem 2.24. Let (G, «) be a binary structure with an identity element e. If a' is a left 
inverse for a, then a is a right inverse for a’; if a’ is a right inverse for a, then a is a left 
inverse for a’; and if a’ is an inverse for a, then a is an inverse for a’. 


Theorem 2.25. If (G,*«) and (G’, *’) are isomorphic binary structures with an identity 
such that every element in (G,*) has an inverse, then whenever a’ € G is an inverse 
of a € G, the element ¢(a’) € G’ is an inverse for $(a) € G’ for any isomorphism 
g¢ : G > G’. Consequently, the property “Every element in (G, *) has an inverse” is an 
algebraic property. 


In other words, existence of inverses is an algebraic property, and isomorphisms 
take inverse pairs to inverse pairs. What we don’t have is that inverses are unique! 


Exercise 2.26. Create a table to define a binary structure which has an element with 
two different inverses. 


Exercise 2.27. In each of the following standard binary structures, identify those ele- 
ments that have an inverse. 


(1) (Z, +) (likewise for Q, R, C). 
(3) (Q, -) (likewise for R, C). 


(4) (G,-), where G is the set of all n x n matrices over Z (likewise for matrices over 
Q, R, C). 


(5) (G,o), where G is the set of all functions f : A > A for a given nonempty set A. 


Groups 


3.1 Basic properties of groups 


It’s now time for us to define our first algebraic structure. As we said in the introduc- 
tion, the underlying theme of this subject is that of solving equations. In the context of 
binary structures, that means that we want to answer the following question: 

Given a binary structure (G, *) and any two elements a, b € G, does there exist an 
element x € G such that a « x = b? If so, how many such elements exist? 

This simple question is the prototype for all questions concerning the solution of 
equations: does a solution exist, and if so, how many? 

Let’s try to play around with the equation a « x = b to see what we might desire 
in order to solve this equation. Intuitively, what we want to do is “move” the a to the 
other side somehow. For instance, if G were the real numbers and * was addition, we 
could subtract a from both sides. If G were the set of n x n matrices and « was matrix 
multiplication, we could try to multiply by A7!, if A were invertible. In both cases, 
we are using the idea of an inverse of a: either adding —a to both sides (that’s what 
subtraction really is), or multiplying by the inverse matrix of A. So, it looks like we 
really, really need every element of G to have an inverse. However, we can’t talk about 
an inverse of an element without first having an identity element. So, it looks like at 
the very least we really, really need for G to have an identity element as well. 

Let’s press this further and posit that G has an identity, e, and that every element 
a &€ G does, in fact, have an inverse a’. Let’s play around and see if this is what we 
need! 

Suppose a * x = b. Then we can write a’ * (a * x) = a’ * b, which results in 
an expression (on the left hand side) with three elements of G grouped together. And 
since we really would like to group the a’ with the a, we really, really need for the 
operation * to be associative. Fine. Let’s posit that property too. That would mean that 
a’ *(a* x) =(a’ *a)*x =e * x = x, and thus x = a’ « b. And since the operation « 
is closed, the element a’ « b is an element of G. Thus, if the equation a * x = bhasa 
solution, it must have the form x = a’ « b. The only thing left to check is to verify that 
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x =a’ « bis, in fact, a solution to the original equation a « x = b. So, if x = a’ «b, then 
ax(a’ *b) =(axa’)*b=exb=b,as desired. 

Notice all the properties that we needed in order to make this work: we needed * to 
be closed and associative, we needed (G, «) to have an identity element, and we needed 
every element of (G, *) to have an inverse. That is precisely what we use to define this 
key structure in algebra. 


Definition 3.1. Let (G,*) be a binary structure. We say that (G, «) is a group if the 
following three properties hold: 


Associative Property: Foralla,b,cE€G, ax(b*c)=(a*b) *c; 


Existence of an Identity: There exists an element e € Gsuchthatexa=a*xe=a 
for all a € G; 


Existence of Inverses: For every a € G, there exists an element a’ € G such that 
axa’ =a'*xa=e. 


Example 3.2. The following list contains the notation of the standard groups you'll 
need to know as you proceed through the book. 


(1) The integers, rationals, reals, and complex numbers are all groups under addition. 
We notate these groups simply by Z, Q, R, and C, respectively, without explicit ref- 
erence to addition as the operation. The additive identity element is 0, of course, 
and the (additive) inverse of a number x is —x. 


(2) The set of all nonzero rationals, reals, and complex numbers forms a group under 
multiplication. We denote these groups by Q*, R*, and C*, respectively, without 
explicit reference to multiplication as the operation. The multiplicative identity 
element is 1, of course, and the (multiplicative) inverse of a number x is its recip- 
rocal, 1/x. 


(3) The set of all invertible n x n matrices over the integers, rationals, reals, or complex 
numbers forms a group under matrix multiplication. This group is called the gen- 
eral linear group and is denoted GL,(Z) (or Q, R, C). The identity element here is 
the identity matrix J,,, and the inverse of a matrix A is denoted A7! (see Definitions 


B.9| and B.13). 


(4) The group of all bijections from a set A to itself forms a group under function 
composition. This group is denoted S,, and its identity element is the function 
t: A > Agiven by ((a) = a for all a € A (see Exercise 2.22;number ff). The inverse 
of a bijection f : A > Ais denoted f—! (see Definition [A-23). 


Aside. Part of the definition of a group requires that we begin with a binary structure 
(G, *). Hence, before we check the three properties listed in the definition, we must 
first verify that we are, in fact, dealing with a binary operation on the set. For instance, 
if we let G = {0,+1} and define a « b = a + b, then this operation satisfies all three 
of the properties. But (G, «) isn’t a binary structure, since 1 +1 ¢ G. Having a binary 
structure is a necessary precondition to apply the definition! 
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Example 3.3. The following extended example is a group of fundamental importance. 
For any positive integer n, consider the set Z,, = {0,1,...,n — 1}. On this set, we place 
an operation called addition modulo n, denoted +,,. When no confusion will arise, we 
will drop the ,, subscript and simply write + for addition modulo n. We define a +,, b 
to be the unique remainder given by the division algorithm when a + b is divided by 
n. Our task is now to prove that (Z,,+,) is a group, which means we need to verify 
that the operation is closed, associative, that there exists an identity element, and that 
each element has an inverse. Associativity is the most tedious, but much of the work 
has been done in previous theorems. 


(1) We need to first verify that Z,, is, in fact, closed under the operation. Since the 
remainder under the division algorithm is an integer in Z,, then the sum of two 
integers modulo n is indeed a closed operation. 


(2) Next, let a,b,c € Z,, and denote the remainders of a + b and b + c when divided 
by n by M45 and rp4¢, respectively. We need to know if 4p +n C = A+n bse. 
On the left hand side, the little trick here is to notice that since c is already in Z,,, 
then its remainder divided by n is simply c. Hence, Theorem shows that the 
remainder of r,,, +c divided by n equals the remainder of (a + b) + c divided by n. 
Similarly, on the right hand side, the remainder of a+r),,, divided by n equals the 
remainder of a + (b + c) divided by n. Since ordinary addition on Z is associative, 
the two expressions are equal. Whew! 


(3) Obviously, 0 +a = a+0=aforalla € Z,. Thus, Z, has an identity element, 
which is 0. 


(4) Finally, does every a € Z, have an inverse modulo n? Obviously 0 does, since 
0+0 = 0. But ifa # 0, then its inverse is not its negative, since negative num- 
bers aren’t in Z,. However, the integer n — a is both positive and less than 0, and 
a+(n-—a) = (n—a)+a =n, which has remainder 0 when divided by n. Thus, 
for a  Oin Z,, its inverse is n — a. 


This means that (Z,,+,) is a group. We simply write Z,, to denote this group without 
explicit reference to addition modulo n as the operation. 


Exercise 3.4. Which, if any, of the following are groups? For those that are, give the 
identity element of the group. (Hint: check associativity last.) 


(1) G = the nonnegative integers) m*n=m+n. 

(2) G=Z, x*xy=x+y-2. 

(3) G=Q; rx*s=rs. 

(4) G = {1,2,3,4}, ax«b=r, wherer is the unique remainder of ab divided by 5. 
(5) G = the set of all n x n diagonal matrices over R; A» B= AB. 

(6) G={f: R>R{f(x) 20! (Ff *g)(x) = [f() — gl). 

(7) G={a+bieCla?+b*=1; zew=zw. 


(8) Let X bea set, and let G = P(X), the power set of X; S*xT=(SUT)—-(SNT). 
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Exercise 3.5. The function ¢ : Z > Z given by ¢(x) = x — 1 isa bijection, so it has 
the potential to be an isomorphism, depending on the group operations placed on Z. 


(1) Find a binary operation « on Z so that ¢ : (Z, *) > (Z, +) is an isomorphism. 


(2) Find a binary operation « on Z so that ¢ : (Z,+) > (Z, *) is an isomorphism. 


Based on our previous discussion, we have that the equation a» x = b always has a 
solution in a group. But how many solutions does it have? We know that every solution 
has the form x = a’ « b, so if we knew how many inverses each element has, then we 
could answer the question. Hence, that should be our first theorem of the section. 


Theorem 3.6. Let (G, *) be a group, and let g € G. Then there exists exactly one inverse 
for g. 


Corollary 3.7. If (G, «) is a group, then the equations a * x = band y * a = bhavea 
unique solution for each a,b € G, namely x = a’ x band y = b « a’, where a’ is the 
inverse of a. 


Aside. The three group properties were posited as useful for solving simple equations, 
as this corollary shows. It’s worth asking if they’re necessary; that is, do you need a 
group structure to solve these equations. As it turns out, the answer is no; you can find 
a binary operation on a set with three elements that is not associative but for which 
there are unique solutions to the equations a * x = b and y x a = b. However, if you 
require an associative binary operation, then a group structure is, in fact, necessary to 
have unique solutions to those equations. 


We now turn to one of the most used theorems in group theory. 


Theorem 3.8 (The Cancellation Laws). Let (G, «) be a group, and let a,b,c € G. Then 
the following hold: 


(1) (Left Cancellation Law) Ifc *a=c * b, thena = b. 
(2) (Right Cancellation Law) Ifa *«c = b*c, thena = b. 


3.2 Group notation 


The examples developed above show the wide variety of operations that fit the defini- 
tion of group. That’s why we used the notation a * b to indicate the abstract process of 
using an operation on two elements. However, using « for our notation will become 
too cumbersome as we increase the complexity of our discussion. In particular, we’d 
like to use one or two familiar ways to denote a « b without a great deal of unnecessary 
new notation. 

With that in mind, let’s turn to two of the most familiar symbols used in mathe- 
matics: a dot - for multiplication, and a plus + for addition. The relevant question to 
ask here is: which symbol is more “generic?” In nearly every case, when we see the 
symbol + used, the operation is commutative. On the other hand, we know of times 
when symbol - is used for a commutative operation, such as ordinary multiplication 
of numbers, and times when it’s used for an operation that’s not commutative, such as 
matrix multiplication. In fact, groups with a commutative operation are so nice that 
we give them a special name. 
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Definition 3.9. Let (G, «) be a group. We say that (G, «) is an abelian group if and 
only if the operation * is commutative. 


So here’s our first convention: If we use the symbol + to denote our group’s oper- 
ation, we are implying that the group is an abelian group. 

On the other hand, the notation for multiplication is used both for abelian and 
nonabelian group operations. Since that’s the more “generic” symbol, we'll use that 
instead of «, and we now simply write that G is a group, without including the “name” 
of the operation. Hence, our convention is the following: 

When G is a group, to denote the element a « b, we write ab for an abstract group, 
and we call ab the product of a with b; if we write a + b, we imply that the group is 
abelian, and we call a+ b the sum of a and b. 

This notation has proved so useful that we adopt exponential notation for a group 


G: 
n times 
wate . . a 
(1) For any element a € Gand any positive integer n, we write a" =@-a--:@. 


(2) Ife is the identity element of G, then we define a° = e for anya € G. 


(3) For any a € G, we notate the inverse of a as a7}. 


If we use the symbol + instead (so that G is an abelian group), then we adopt the 
corresponding additive notation: 
n times 


(1) For any positive integer n, we write na = a@+a+-- +4. 
(2) Ife is the identity element of G, then we define 0a = e. 
(3) For any a € G, we notate the inverse of a as —a. 
To practice this notation, let’s prove some facts about inverses. 


Theorem 3.10. Let G be a group. Then for all.a,b € G, we have (a~!)“! = aand 
(ab)! = b-ta7}. 


Please notice the importance of the order of the elements used in writing the in- 
verse of ab: it’s the inverse of b, followed by the inverse of a. Since the operation need 
not be commutative, then we must be very careful when computing (ab)7?. 


Exercise 3.11. Prove that if G is a group, then (ab)~! = a~!b™! for all a, b € Gif and 
only if G is abelian. 


How well do you understand the definitions and notations so far? Try the next 
theorem. 


Theorem 3.12. Let G be a group anda € G. Then for any nonnegative integer n, we 
have (a~!)" = (a")}. 


This suggests that, for any element a in a group and any positive integer n, we 
define a~” to be a~” = (a~!)" = (a”)!. Likewise, if we use additive notation instead, 
we define —na to be —na = n(—a) = —(na). When we do that, we finally have a nice 
pair of summary theorems to prove. 
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Theorem 3.13 (Laws of Exponents). Let G bea group anda € G. Then for any integers 
n,m, we have a"a™ = a"t™ and(a™)" = a™™., 


Corollary 3.14 (Laws of Coefficients). Let G be an abelian group under addition, and 
leta € G. Then for any integers n,m, we have na+ma = (n+ m)aand n(ma) = (nm)a. 


One word of warning is appropriate here, however. Keep in mind that although the 
laws of exponents hold, we don’t have a distributive law of exponents, simply because 
our group need not be abelian! Countless beginning algebra students have made the 
mistake of assuming that (ab)"” = a”b”, just like they learned in school. Once again, 


n times 
2 —————————— 
the issue is notation: (ab)" is defined to be ab-ab-----ab, whereas 
n times n times 
a eae. 
a"b" =a-a-----a-b-b-----b. In general, those two expressions need not be equal, 


so be careful and use only those laws you’ve proved. 


Exercise 3.15. Prove that if G is a group, then (ab)? = a*b? for all a, b € G ifand only 
if G is abelian. 


3.3 Group tables and the order of a group 


Since a group is first and foremost a binary structure, for small groups we can try to 
describe them using a table. But groups have additional requirements, which means 
that not all ways to fill in a table will define a group. Hence, we should see what is 
necessary for a table to define a group structure on a set G. 


Theorem 3.16. Let G be a group. Then for every g € G, the functions A, : G > Gand 
Pg : G > G defined by A,(x) = gx and p(x) = xg are bijections. 


This simple theorem is the key to understanding the form that a group table must 
have. Consider a particular element a in a group G. The row headed by a consists of all 
elements of the form ag, where g € G. However, the theorem says that each element 
of G occurs once and only once in that form! Thus, we conclude that every row must 
have each element of G occur once and only once. Likewise, each column must have 
each element of G occur once and only once. 

Armed with this theorem, and recalling that we will always list the identity ele- 
ment first in a table, we can begin to construct various tables of small groups. To aid 
us, let’s introduce a convenient term dealing with the size of a group. You might find 
a quick review of what cardinality means in Section of Appendix [A] useful. 


Definition 3.17. Let G be a group. Then the cardinality of G is called the order of G, 
written |G|. In particular, when the cardinality of G is finite, we say that G is a finite 
group and that G has finite order. Likewise, if the cardinality of G is not finite, we 
say that G is an infinite group and that G has infinite order. 


Let’s begin making tables of groups of small order. 


Exercise 3.18. Show that there is only one way (up to isomorphism) to create a table 
for a group of order 1. 
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Definition 3.19. Any group with exactly one element is called the trivial group. 


Exercise 3.20. Show that there is only one way (up to isomorphism) to create a table 
for a group of order 2. 


Exercise 3.21. Show that there is only one way (up to isomorphism) to create a table 
for a group of order 3. 


What the above three exercises show is that there is a unique group of orders 1, 
2, and 3, in the sense that any two groups of order k are isomorphic, for k = 1,2, 3. 
Thus, every group of order 1 is isomorphic to the trivial group; every group of order 2 
is isomorphic to Z,, and every group of order 3 is isomorphic to Z3. Based on this, you 
might think that there’s only one way to create a table for a group of any finite order, but 
you'd be wrong. In general, the higher the order, the more options you have. Hence, 
in order to describe most groups with large order, we need to develop some new ideas. 
However, we can at least show that there are only two groups (up to isomorphism) of 
order 4. 


Exercise 3.22. In this exercise, you will create the only two groups of order 4 (up to 
isomorphism). One of them must be isomorphic to Z,, so the other will be a new 
group, called the Klein four-group, denoted V. Use the set {e, a, b,c}, with e denoting 
the identity element, to create two nonisomorphic group tables in the following way. 
First, create the unique group table for which every element is its own inverse. Since 
not every element in Z, is its own inverse, this will be the Klein four-group V. Then 
create a group table for which some element is not its own inverse. In so doing, explain 
why any choices you make are either forced or arbitrary. This shows that every group of 
order 4 is either isomorphic to Z, or to V. Are either, both, or neither groups abelian? 


Subgroups and generating sets 


4.1 Subgroups 


As we have seen in Chapter B, examples of groups are quite varied: sets of numbers 
or matrices under addition or multiplication, sets of functions under composition, and 
even finite sets with a suitably constructed table are groups. However, for many of these 
examples, it’s not the operation that’s different, but rather only the set that changes. 


Example 4.1. Consider the groups G = R and H = Q. Although they are both groups 
in their own right, there’s a natural relationship between them: not only is Q a subset of 
R, but their operations are identical: addition of elements of Q is identical to addition 
of those same elements in R. When this special relationship of being both a subset and 
agreement on the operation occurs, we tend to think not of two different groups, but 
of one “large” group inside of which lies the “smaller” group as a subset. 


There is a technical issue we must first raise. The binary operation of a group (G, -) 
is a function with domain G x G. Given a subset H C G, we can restrict the domain of 
- to H x H and see if this restricted operation - the “same” one used to define a valid 
operation on G - yields a group (or a binary operation, at least). Hence, we need a 
preliminary definition to deal with this technicality. 


Definition 4.2. Let (G,-) be a binary structure and let H C G. Then the function 
*« | H XH > G given by *(a,b) = a- bis called the operation induced by -. 


With this terminology, we can now define the key term precisely. 


Definition 4.3. Let G be a group. We say asubset H C Gisasubgroup of G if and only 
if H is a group under the operation induced by the operation on G. We write H < G to 
denote that H is a subgroup of G. 


Given a group G, there are always two (not necessarily different) subgroups of G: 
the group G itself, and the subgroup consisting of the identity element alone. Since 
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we're often interested in subgroups other than those two, let’s name them for future 
reference. 


Definition 4.4. Let G be a group with identity element e. The subgroup H = G is 
called the improper subgroup; the subgroup H = {e} is called the trivial subgroup. 


Example 4.5. Before we turn to examples of subgroups of groups, let’s see what can 
go wrong with some “non-examples.” 


(1) The odd integers are not a subgroup of the integers Z, since the odd integers are 
not closed under addition. 


(2) The set of positive rational numbers is not a subgroup of Q, since the positive ra- 
tionals lacks an additive identity element. 


(3) The set of nxn invertible matrices with integer entries is not a subgroup of GL,,(R), 
since the inverse of many such matrices requires non-integer entries. 


(4) The set Z,, is not a subgroup of Z. It fails primarily because the operation on Z,, is 
not addition - it’s addition modulo n. Even if you use the induced addition opera- 
tion on Z,, instead, then the set fails to be closed under addition. 


Example 4.6. As with groups before, the following list contains the notation of the 
standard subgroups you'll need to know as you proceed through the book. 


(1) For any nonnegative integer n, the set nZ is a subgroup of Z. 


(2) Although we considered Z, Q, R, and C as groups under addition in their own right, 
there is a natural and obvious subgroup relationship Z << Q@< R<C. 


(3) The set of n x n matrices with integer entries with determinant 1 is a subgroup of 
GL, (Z), called the special linear group and is denoted SL,,(Z) (or Q, R, C). 


(4) When G is any binary structure, the set of all automorphisms of G is a subgroup of 
Sg and is denoted Aut(G). 


(5) The subset of C consisting of complex numbers of the form a + bi where a,b € Z 
is called the subgroup of Gaussian integers and is denoted Z[i]. 


(6) The set of all complex numbers a + bi that are distance 1 away from the origin (that 
is, all complex numbers a + bi such that a? + b* = 1) is a subgroup of C* and is 
simply denoted U (see Section [C.J in Appendix (C). 


(7) For any positive integer n, the set of all complex numbers z such that z” = lisa 
subgroup of C* and of U, and is denoted U,. This subgroup has n elements, called 
the n” roots of unity, and we notate those n elements by 6, ¢,...,6,-1 (see Section 
(C.3|in Appendix (C). Specifically, ¢, = cos(2ak/n) + isin(2zk/n) for0 <k <n. 


What we now need is a method to determine exactly when a subset H of a group 
G is a subgroup of G. 
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Theorem 4.7. Let G bea group and H a subset of G. Then H is a subgroup of G if and 
only if 
(1) H is closed under the operation induced by the operation on G; 


(2) H contains the identity element e of G; and 


(3) Forall a € H, its inverse a~! is also in H. 


There are two things to note in this important theorem. First, you don’t have to 
check to see if the induced operation is associative. After all, the operation is associa- 
tive on all elements in G, and H is a subset of G. Thus, it’s not necessary to check 
associativity for H. 

But the second issue is a bit more subtle. You do not check to see if there is an 
identity element, nor do you need to check to see if each element of H has an inverse. 
Again, those two facts are given to you by the fact that G is itself a group. What the 
theorem says you must do is verify that the identity element - which already exists — is a 
member of H, and that for each element a € H, its inverse element a~! - which already 
exists — is also amember of H. Hence, the theorem can be thought of as answering three 
questions: 


(1) Is H closed? 
(2) Ise € H? 
(3) Ifa €H, isa“! € H? 


If the answer is yes for all three questions, then the theorem allows you to conclude 
that H is a subgroup of G. Should the answer to even one of the three questions be no, 
then the theorem allows you to conclude that H is not a subgroup of G. This three- 
pronged test is the easiest way to check if a subset H is a subgroup of a group G. 


Example 4.8. Let’s use this 3-pronged test in an example. Let A be a set, and pick any 
non-empty subset B C A. Recall from Example that S, is the group of bijections 
from A to itself. Let H be those elements 0 € S, such that o(x) = x for all x ¢ B. IsH 
a subgroup of S,? 

We have three things to check: 


(1) Is H closed? To check this, we pick two elements o,t € H. This means we know 
that o(x) = x and t(x) = x for all x ¢ B. Our task is to determine if oot € H. In 
order to find that out, we ask: does (a o T)(x) = x for all x ¢ B? Let’s pick such an 
element and find out. So, let x ¢ B. Then (o 0 T)(x) = o(t(x)). But T(x) = x, since 
t € H, and when we apply o to t(x) = x, we get o(t(x)) = o(x) = x, since o € H. 
Thus, got EH. 


(2) Is the identity element of S, in H? Remember: we already know that the function 
t: A > A given by (x) = x for all x € A is the identity element of S,; what we 
don’t know is if: € H. Again, how do we check? We pick x ¢ B and compute: 
(x) = x, which is exactly what it means for: € H. Thus, H contains the identity 
element of S,. 


(3) Ifo € H, iso~' € H? Remember: we already know that any o € H has an inverse 
ao! in S4; what we don’t know is if o~! is in H. Again, pick x ¢ B and ask: does 
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o-(x) = x? Since o € H, we know that o(x) = x, so by definition of inverse, 
o}(x) = x. Thus, 07! EH. 


Since H passes the three tests, then by Theorem ff.7, we conclude that H is a sub- 
group of Sz. 


The reason for this rather lengthy example is because this is how we can actually 
think of S, as a subgroup of Sp whenever A C B. Since Sy, is the set of all bijections 
of A to itself, we can pick any o € A and extend it to a bijection of all of B be defining 
o(b) = b whenever b € (B — A). In other words, think of o as moving the elements of 
A around, and leaving everything else in B alone. 

Now you try out this test on the next theorems. 


Theorem 4.9. Let G and G’ be groups and ¢ : G > G’ bean isomorphism. If H < G, 
then ¢(H) < G’. 


Theorem 4.10. Let G be a group and H be a nonempty collection of subgroups of G. 


Then () H is asubgroup of G. 
HexH 


Exercise 4.11. It’s tempting to try to prove that the union of a collection of subgroups 
is also a subgroup, but it’s rarely the case. Prove that the union of two subgroups is a 
subgroup if and only if one is a subset of the other. (Interestingly enough, it is possible 
to find three subgroups whose union is a subgroup, no two of which are subsets of the 
other.) 


Exercise 4.12. Determine if the following subsets H are subgroups of the given group 
G under the operation induced from G. Provide either a proof or a counterexample to 
justify your answers. 


(1) G=Q;H = the set of dyadic rationals. 
(2) G=R;H = {2% |a € Qh. 
(3) G=Zo;H = {0, 2,4, 6, 8}. 


(4) G = GL,(R);H = [3 ‘| 


a,b,d € Rad #0 


(5) G=S7;H ={f € Sz| f(Z*) c Z*}. 
(6) G=C*;H={a+bieC*l|abe Qh. 


4.2 The center of a group 


All we’ve done so far is identify what subgroups are, so we might try to use them to 
help us understand the structure of a group. To begin, let’s see if we can use subgroups 
to measure how close to abelian a given group is. 


Theorem 4.13. Let G bea group. Then the subset Z(G)={g € G| xg = gx forall x € G} 
is a subgroup of G. 
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Definition 4.14. Let G be a group. The subgroup Z(G) ={g € G|xg = gx for all x EG} 
is called the center of G. 


Corollary 4.15. Let G bea group. Then G is abelian if and only if Z(G) = G. 


Ah, an actual object that detects if a group is abelian or not. But even if a group G 
isn’t abelian, that doesn’t mean that the center is the trivial subgroup. After all, there 
might be only a few elements that don’t commute. Can we use subgroups to see if an 
individual element commutes well? 


Theorem 4.16. Let G be a group and a € G. Then the subset C(a) = {g € G| ga = ag} 
is a subgroup of G. 


Definition 4.17. Let G be a group and a € G. The subgroup C(a) = {g € G| ga = ag} 
is called the centralizer of ain G. 


This means that centralizers are objects that tell us how well individual elements 
commute with others in the group. In fact, you might have anticipated this next theo- 
rem. 


Theorem 4.18. Let G bea group. Then Z(G) = () C(a). 


aecG 


0 2 0 3 
GL,(R). Use this to state what elements are in Z(GL,(R)), and justify your answer. 


Exercise 4.19. Find the centralizers of the elements I; and 3 | in the group 


4.3 Generating sets 


One of the most important ways to create a subgroup is to choose one or more elements 
of a group and create the “smallest” subgroup that contains those elements. Intuitively, 
we'll pick a subset of a group G and use closure and inverses to generate a subgroup 
from that subset. Let’s begin simply at first. 


Theorem 4.20. Let G be a group and a € G. Then the subset {a" |n € Z} is a subgroup 
of G. 


Definition 4.21. Let G be a group and a € G. The subgroup {a” |n € Z} is called the 
cyclic subgroup generated by a, denoted (a). If H < G and there exists an element 
a € H such that H = (a), we say that H is a cyclic subgroup of G and that a is a 
generator of H. 


Before we proceed with a few exercises, be careful with the notation. If the group’s 
operation is written additively, then (a) = {na|n € Z}. 


Exercise 4.22. List or give a formula that describes the elements in the cyclic sub- 
groups given below. 


(1) G=Z;H =(4). 
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(2) G = Q*;H =(-5). 


(3) G =Z)2;H = (10). 


1 1 
@ oxsiexu=([. 3} 


(5) LetA = R—{0, 1}, and let G = S4;H = (f), where f(x) = 1 -<. 
(6) G=C*;H = (i). 

(7) G=U,;H = (G). 

(8) G = Uy; H = (3). 


Although the cyclic subgroup generated by a consists precisely of all integer pow- 
ers of a, the number of elements in (a) need not be infinite. It’s entirely possible (and 
frequently happens) that at some point the powers of a begin to repeat —- hence the 
name cyclic. We need to define this important term. 


Definition 4.23. Let G be a group and a € G. If there exists some n € Z* such that 
a” = e, then the least such positive integer is called the order of a, and we say that 
a has finite order. If no such positive integer exists, then we say that a has infinite 
order. We denote the order of a by |a|. 


Lemma 4.24. Let G be a group, and leta € G. Then a has finite order if and only if 
a' = a for some integers i # j. 


Theorem 4.25. Let G be a group. 
(1) Ifa €G, then |a| = | (a) |. 


(2) If Gis finite, then any element of G has finite order. 


Let’s summarize what we’ve learned. If an element a has infinite order, then the 
cyclic subgroup that a generates is the infinite set {..., a~*,a7!,e,a,a’,... }, and ifahas 
finite order n, then the cyclic subgroup that a generates is the finite set 
{e,a,a’,...,a"-}. This is why we call this least positive integer n, if it exists, the or- 
der of an element: it’s the number of elements in the cyclic subgroup that a generates, 
which is what we call the order of a set. Even the notation is similar: the order of an 
element a is notated |a|, and the order of the subgroup that a generates is notated | (a) |. 
Furthermore, when a has finite order n, then since a” = e, the powers of a repeat, over 
and over again. This observation gives rise to the term “cyclic,” since the powers of a 
cycle through the integers {0,..., — 1}. 


Example 4.26. Finding the order of an element is nearly always a two-step process: 
First, finding out if the element cycles back, and second, if it does, then finding the 
least integer that yields the identity element. 


(1) In any group G, the identity element e is the only element that has order 1. Hence, 
every other element in G will have either infinite order or finite order at least 2. 
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(2) You can also compute successive powers of an element (or multiples, using an ad- 
ditive operation) until you reach the identity; that integer will be the order. For 


instance, to find the order of the matrix A = . ; 


successive powers until we reach the identity matrix I: 


o-[8 af a-fe Sh eR a) eB sl 


in SL,(Z), we compute its 


-1 0 0 -1 1 0 
Thus, |A| = 4. 
(3) Every nonzero element of Z has infinite order, and in particular, (n) = |n|Z. 


(4) Finally, any element of order 2 is its own inverse: after all, if g € G has order 2, 
then g? = e. Conversely, any non-identity element that is its own inverse has order 
2. 


Exercise 4.27. Go back to Exercise and find the order of the element used to 
generate each cyclic subgroups listed. 


To make sure you understand the nature of the order of an element, prove this 
following useful theorem and its important corollary. 


Theorem 4.28. Let G be a group and let a € G be an element of finite order n. Then 
a‘ = a! if and only if k — lis a multiple of n. 


Corollary 4.29. Let G be a group and let a € G. If a* = e for some positive integer k, 
then |a| divides k. 


Subgroups generated by a single element — the cyclic subgroups - are the easiest 
and most important to understand. On the other hand, you can generate subgroups 
with more than just one element, which we now develop. 


Theorem 4.30. Let G bea group and A C Ga nonempty subset. Then the subset 


{aj ay? --- a," |a; EA, k € Zt, n; EZ} 


is a subgroup of G. 


Definition 4.31. Let G be a group and A C Ga nonempty subset. The subgroup 
{aj1a5? ---a,* |a; EA, k € Z*,n; EZ} 


is called the subgroup of G generated by A, denoted (A), and we say that A is a gen- 
erating set for the subgroup. Any subgroup H < G for which a finite subset A C H 
exists such that H is the subgroup generated by A is said to be finitely generated. 


Observe that a cyclic subgroup generated by a is an extreme example of this defini- 
tion: it’s the subgroup generated by the set A = {a} and therefore is finitely generated. 
But since we started by wanting the “smallest” subgroup containing a set of elements, 
we should probably make this precise. 


Theorem 4.32. Let G be a group, A C G,and H = {H < G|A Cc H}. Then [() His 
HexH 
the subgroup generated by A. 
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Exercise 4.33. List or describe the elements in the subgroup generated by the given 
set A. 


Gg) G=aQ*%; A= {2,3} 

(2) G=Z, A= {4,6} 

(3) G=Sp; A={f,g} where f(x) =x +1 and g(x) = —x. 
()G=R; A={i|nez*} 


(5)G=Q; A={2-"|nEZ*} 


O 41; 40 i 
wcesucr aff IHL dl 


Finally, let’s confirm what we suspect about isomorphic groups. 


Lemma 4.34. Let G and G’ be groups and let 6 : G > G’ bean isomorphism. Then 
g(a") = d(a)" forallac Gandne Z. 
Theorem 4.35. Let G and G’ be groups and let 6 : G > G' be an isomorphism. 


(1) Ifa € G has (finite) order n, then $(a) has (finite) order n. If a € G has infinite 
order, then so does ¢(a). 


(2) If H is a cyclic subgroup of G generated by a, then ¢(H) is a cyclic subgroup of G' 
generated by ¢(a). 

(3) IfA is a generating set for a subgroup H < G, then ¢(A) is a generating set for $(H). 

Exercise 4.36. Notice that part [I] of Theorem means that the existence of an ele- 

ment of finite order n, or the existence of an element of infinite order, is an algebraic 

property. In each exercise below, either find an element of finite order n or of infinite 

order in one group, and show that no such element exists in the other group. (This 


shows that the two groups are not isomorphic, even though we already knew that for 
most of these pairs of groups for different reasons.) 


(1) G,;=Z, G,=Z, for any positive integer n. 

(2) Gy =Zy, Gz =Zy for integers 1 <n <m. 

(3) Gj =Z,4, G, =V (the Klein four-group). 

(4) G, = V (the Klein four-group), G, is the group from Exercise B.4/ number f 
(5) G; = R*, G,=GL,(R), for any integer n > 2. 

(6) G,=R*, G,=C. 


Applications of subgroups 


5.1 Cosets 


Subgroups form an important, cohesive subset of any group. However, they do some- 
thing more for a group: they allow us to partition the group nicely into subsets with 
particulary nice properties. Let’s begin by defining these partitions and see where it 
takes us. 


Definition 5.1. Let G be a group and H < G. Foranya € G, the set aH = {ah|h € H} 
is a left coset of H in G and the set Ha = {ha|h € H} is a right coset of H in G. The 
set of all left cosets of H in G is denoted G/H, and the set of all right cosets of H in G is 
denoted H\G. 


What’s important to note first is that a coset is a subset of a group G, not a subgroup 
of G. In particular, a single coset of a subgroup can be formed from a variety of elements 
of the group, much in the same way that a fraction can be created from a variety of 
different integers (such as ; = - = =, etc.). Hence, it’s entirely possible that two 
cosets aH and bH are the same set of elements, but a # b. Second, the above notation 
for cosets uses multiplication as the (default) operation. Should your group be written 
additively, then the cosets are likewise written additively: left cosets are written a+ H, 
and right cosets are written H + a. However, since additive notation implies an abelian 
group, then left and right cosets are exactly the same. Keep this notational issue in 
mind when dealing with cosets. 


Exercise 5.2. Each subgroup of the given group below has a finite number of left 
cosets. Please list all its distinct left cosets, and for each coset, describe the cosets using 
two different elements from the group. 


(1) G=Z; H=5zZ. 
(2) G=Zp; H=(8). 
(3) G=GL,(R);_ H = {A| det(A) > 0}. 
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oo abla elp) #[[e al} 
(5) G=Us; H = {6, Sy}. 


(6) G=Z[i]; H = ({2,2i}). 


Since each coset in the above exercise had at least two different descriptions, let’s 
nail down exactly the variety of ways a coset can be described. 


Theorem 5.3. Let G be a group and H < G. 


(1) Let aH, bH € G/H. Then aH = bH if and only ifa~'b € H if and only if b~'a € H. 
(2) Let Ha, Hb € H\G. Then Ha = Hb if and only if ba“! € H if and only ifab7! € H. 
Corollary 5.4. Let G be a group and H < G. Then aH = H if and only ifa € H. 


Aha! That’s the way to understand how and when two cosets are equal, and in 
particular, how the subgroup itself can be described as a coset. But can cosets overlap, 
and will every element in the group belong to a coset? 


Theorem 5.5. Let G bea group and H < G. IfaH,bH € G/H, then either aH = bH or 
aH n bH = &. 


This tells us that the distinct cosets of H are disjoint, which means the cosets really 
ought to partition the group G. All we need to observe is that no left coset aH is empty: 
after all, since e € H, then the element ae € aH for alla € G. And without going 
through the tedium, the same results hold for right cosets. 

But we know that a partition of a set comes from an equivalence relation on the set 
(see Section in Appendix {A}. What’s the equivalence relation on G that will create 
the cosets as their equivalence classes? The next theorem of this section provides the 
answer. 


Theorem 5.6. Let G be a group and H < G. 


(1) The relation defined by 
a~ bifandonlyifa-1bEH 
is an equivalence relation on G whose equivalence classes are the left cosets of H in G. 
(2) The relation defined by 
a ~ bifandonlyifba-1 EH 


is an equivalence relation on G whose equivalence classes are the right cosets of H in 
G. 
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Exercise 5.7. The subgroups of each group below have an infinite number of left 
cosets. Identify them all. 


()G=C; H=R (3) G=Z[i]; H=(1+i) 
(2) G=GL,(R); H =SL,(R) (4)G=C*; H=U. 


5.2 Lagrange’s theorem 


We now come to a central theorem in group theory. Since cosets provide a partition 
of a group, it’s natural to ask how many elements are in each coset, how many cosets 
there are, and other questions that try to count elements. The first question is pretty 
easy, So let’s answer that first. 


Theorem 5.8. Let G be a group and H < G. If aH,bH € G/H, then the function 
f : aH = bH given by f(ah) = bh is a bijection. 


That’s pretty cool. A bijection between sets means that they have the same number 
of elements (cardinality), so all left cosets have the exact same number of elements. In 
fact, since H itself is the left coset eH, we have that |aH| = |H| for all a € G. We could 
also go through the tedium of proving this theorem for right cosets, but hopefully it’s 
obvious that the same idea works. In fact, you might start to wonder if we need to 
discuss right cosets in our theorems and definitions at all. It turns out that you can use 
either one for the development of the theory with identical results. For instance, what 
about the number of cosets of a subgroup? Will there be the same number of left cosets 
as there are right cosets? 


Theorem 5.9. Let G be a group and H be a subgroup. The function f : G/H > H\G 
given by f(gH) = Hg"! is a well-defined bijection. 


This is our first theorem whose proof requires you to verify that a function is well- 
defined, so let’s make sure you understand what’s at stake. Since one coset may have 
multiple descriptions, you have to check that if aH = bH, then f(aH) = f(bH). Only 
then can you be confident that your function is valid. 


Definition 5.10. Let G be a group and H < G. The index of H in G is the cardinality 
(either finite or infinite) of the set G/H and is denoted |G : H]. 


Exercise 5.11. Go back and find |G : H| for the subgroups in Exercise 5.2. 


Obviously, we have that |G : H| = |G/H|. But if this is so important that it gets its 
own special notation, what can we say about the index? Let’s find out as we prove the 
major theorem of this chapter! 


Theorem 5.12 (Lagrange’s Theorem). Let G be a finite group and H < G. Then 
|H| divides |G|, and |G| = |G : H| - |HI. 


If you prefer, for a finite group G and subgroup H, we have |G/H| = |G|/|H|. La- 
grange’s theorem is one of the most useful in group theory; just to give you a taste, 
here’s a quick corollary for you to try. 


34 Chapter 5. Applications of subgroups 


Corollary 5.13. Let G be a finite group. Then the order of any element of G must divide 
|G|, and g'°l = e forall g € G. 


Now that’s a powerful corollary. That means that if you pick any element in a group 
of prime order, you either generate the trivial subgroup or the improper subgroup - 
those are your only two options! The astute algebra student will begin looking for 
opportunities to apply Lagrange’s theorem when possible. But be careful: the converse 
of Lagrange’s theorem is regrettably false, as you will see in a later section. 


Exercise 5.14. For each finite group below, list all the possible orders of subgroups, 
and find an element of that order, if possible. 


(1) G=Zy 
(2) G = ({1,3,5, 7}, -), where ab is the unique remainder divided by 8. 
(3) G=U, 


onde Jel def Sb 


5.3 Conjugation 


By multiplying a subgroup H by any element g € G on the left (or right), we only 
obtain another subgroup when g € H, and then we only get the subgroup H back. In 
particular, when g ¢ H, the identity element isn’t in gH. But since g € gH, what if we 
multiplied the elements of gH by g~! on the right? We'd at least get the identity element 
back, but would we get a subgroup too? After all, we’d be creating elements of the form 
{ghg-!|h € H}, and there’s no telling what will happen. 


Definition 5.15. Let G be a group and a € G. An element b € G is a conjugate of a 
if and only if there exists an element g € G such that b = gag™!. 


Aside. An important topic in linear algebra is that of similar matrices. Specifically, 
two matrices A and B are similar if B = CAC™! for some invertible matrix C. Notice 
that this is precisely what we’re discussing here, but with different terminology. In 
particular, a matrix A is diagonalizable ifit is similar to (a conjugate of, using our terms) 
a diagonal matrix. 


Exercise 5.16. In each exercise below, a group G and an element of G are given. 


; 0 1 ; =1. -2 0 -1 
(1) G=GL,(R),A = 2 o: Which of B, = [| 7 | and B, = [2 6 


are conjugates of A? Describe all matrices conjugate to A. 


I if either, 


(2) G = GL,(R),A = : ‘ . Which of B, = E i and B, = E Al if either, are 


conjugates of A? Describe all matrices conjugate to A. 
(3) G=Sp, f(x) = 8x. Which of g,;(x) = 2x and g>(x) = 8x+1, ifeither, is a conjugate 
of f(x)? 


(4) G= Sp, f(x) = —x. Which of g,(x) = 2x and go(x) = x +1, if either, is a conjugate 
of f(x)? 
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Notice that the conjugates of a single nonidentity element don’t form a subgroup 
of G. On the other hand, if we started with an entire subgroup H < G and formed all 
the conjugates of its elements by a fixed element g € G, would we get a subgroup then? 


Theorem 5.17. Let G be a group and H < G. Then for any g € G, the set 
gHg"! = {ghg-!|h € H} is a subgroup of G. 


That turned out well! Let’s give such subgroups a name. 


Definition 5.18. Let G be a group and H < G. A subgroup K < G is a conjugate 
subgroup of H if and only if K = gHg~! for some g € G. 


Exercise 5.19. Notice that the process of conjugation isn’t interesting for abelian 
groups. So, for each subgroup H of the given nonabelian group G, find the indicated 
conjugate subgroup. 

+ 
(1) G = GL,(R),H = {0 : 


§ -2é Alt Find the conjugate subgroup gHg™! for an arbi- 


‘| € GL,(R). 


‘ : ; a 
trary invertible matrix g = k d 


(2) G = GL,(R),H = Ho H \k E nf Find the conjugate subgroup gHg~! for an 


b 
d 


(3) G=Sp,H={f €G| f(x) = ax+b,a,b € R,a $ O}. Find the conjugate subgroup 
gHg™! for a bijection of the form g(x) = x” for some odd integer n. 


arbitrary invertible matrix g = E € GL,(R). 


(4) G=Sp,H ={f € G| f(x) = x°",n € Z}. Find the conjugate subgroup gHg™! for 
a linear function of the form g(x) = ax + bwitha,b € R,a #0. 


What we’ve seen is that the process of conjugation (that is, taking the conjugates 
of elements) takes subgroups to subgroups. How does conjugation affect properties of 
individual elements of a group? 


Theorem 5.20. Let G bea group anda € G. Then for any g € Gand any integer n € Z, 
we have (gag—!)" = ga"g—!. In particular, conjugate elements have the same order. 


In fact, since we think of a function as encoding a process, we ought to be able to 
put this idea of conjugation in function notation. 


Theorem 5.21. Let G be a group and g € G. Then the function ¢, : G > G given by 
Pg(a) = gag! is an automorphism of G. 


Definition 5.22. Let G be a group and ¢ : G > G be an automorphism of G. Then ¢ 
is an inner automorphism of G if and only if ¢(a) = gag! for some g € G, and the 
set of all inner automorphisms of G is denoted Inn(G). 


This gives us a different proof of our first result; that is, since the image of a sub- 
group under an isomorphism is a subgroup, and inner automorphisms are isomor- 
phisms, we have that the image of a subgroup H under the inner automorphism ¢, is 
another subgroup, namely ¢,(H) = gH. gt. 
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Exercise 5.23. There’s a neat trick to remember when dealing with conjugation that’s 
frequently useful. Suppose you have a product of elements a,a2...a,, in a group, and 
you conjugate this product by an element g. Show that you can write the result as a 
product of conjugates of the elements aj, d2,...,Qy. 


Finally, we saw previously that the set of all automorphism ofa group G is a group 
under function composition, which we denoted Aut(G). Do you suppose Inn(G) is a 
subgroup of Aut(G)? 


Theorem 5.24. Let G bea group. Then Inn(G) < Aut(G). 


Exercise 5.25. There’s a natural relationship between the center of a group G and the 
group Inn(G) of inner automorphisms of G. Specifically, show that g € Z(G) if and 
only if the inner automorphism ¢ € Inn(G) given by ¢(a) = gag~! is the identity auto- 
morphism. (This shows that the larger Z(G) is, the smaller Inn(G) is. Or, alternately, 
the larger Inn(G) is, the “less” abelian the group G is.) 


Part 2 


Types of groups 


Quotient groups 


6.1 Homomorphisms and kernel 


To begin our second part of our survey of group theory, consider the following two func- 
tions: ¢ : nZ > Z given by ¢(x) = x, and the function p : Z > Z,, given by p(x) =r, 
where r is the remainder of x divided by n. Neither map is an isomorphism, since ¢ 
is not surjective and ? is not injective. Yet despite this fact, the maps do preserve the 
group structure of the domain; that is, 6(x+y) = $(x)+ ¢()) and p(x+y) = o(x)+ 90) 
(this latter fact is tedious to check, but true nonetheless). Hence, while neither map 
matches the two groups up perfectly, they at least relate the group structures faithfully. 
Consequently, we'll define such maps precisely and turn our attention to their proper- 
ties. 


Definition 6.1. Let G and G’ be groups. A function ¢ : G > G’ is a (group) homo- 
morphism from G to G’ if and only if (ab) = ¢(a)¢(b) for all a,b € G. 


Notice then that an isomorphism is simply a bijective homomorphism. It’s worth- 
while to see what properties of isomorphisms still hold even when the homomorphism 
isn’t bijective. 

Theorem 6.2. Let ¢ : G > G’ bea group homomorphism and let H < G. 
(1) The image of the identity of G under ¢ is the identity of G’. 
(2) $(g™*) = $(g)* forall g € G. 
(3) ¢(g”) = (¢(g))” for all g € G and integers n. 
(4) Ifg € Ghas finite order, then ¢(g) has finite order and is a divisor of the order of g. 
(5) $(H) < G’. 
(6) If H is abelian, then ¢(H) is abelian. 
(7) IfA C H generates H, then ¢(A) generates ¢(H). 
39 


40 Chapter 6. Quotient groups 


Exercise 6.3. Which, if any, of the following functions are homomorphisms? You 
might also see if any are secretly isomorphisms, while you’re at it. (Hint: consider 
using Theorem 6.2] to identify those that aren’t homomorphisms.) 


(1) ¢:Z23Z ¢(&%)=2x. (6) ¢: Zi] >Z; ¢(a+bi)=b—-a. 
(2) ¢:Q>Q; ¢$(x)=|x|. 
(3) ¢:R-C; $(x) = yx. 
(4)¢:Z>Z; (x) =x. 
(5)¢:2,>Z; d(x)=x. 


(7) ¢: GLy(R) > R*; $(A) = det(A). 
(8) 6: U> SL,(C); 
Ha+b)=| 4, A 


This simple theorem is really quite key: homomorphisms preserve some of the 
most important properties of groups, even though they need not be bijections. On the 
other hand, when we no longer have a bijection, there’s no inverse function that we can 
use to prove similar facts about elements and subgroups of the codomain. However, 
for any function, bijection or otherwise, we can analyze the inverse images of subsets 
of its codomain. Since homomorphisms need not be injective or surjective, this will 
have to be the way to determine how elements and subgroups of the codomain behave 
under a homomorphism. Now might be a good time to review Section [A.Jin Appendix 
Al, but we'll include the relevant terminology here for reference. 


Definition 6.4. Let f : X -— Y bea function. If y € Y, then the subset 
fQ) = {x € X|f(x) = y} is called the inverse image or preimage of y un- 
der f. If B C Y, then the inverse image or preimage of B under f is the subset 
f7\(B) = {x € X| f(x) € B} of all preimages of elements of B. 


Theorem 6.5. Let ¢ : G — G’' bea group homomorphism. If H' < G’', then 
¢ 1(H') <G. 


Let’s see where this theorem leads us. Every group has at least two subgroups: the 
improper subgroup and the trivial subgroup. Given a homomorphism ¢ : G > G’, the 
inverse image of the improper subgroup G’ is always the group G, so that’s not particu- 
larly insightful. However, by Theorem 6.5, the inverse image of the trivial subgroup of 
G’ is a subgroup of G, which can vary depending on the specific homomorphism. This 
subgroup is of fundamental importance, so let’s give this subgroup a name. 


Definition 6.6. Let ¢ : G > G’ be a group homomorphism. The kernel of ¢ is the 
subgroup ¢~ \(e’) = {g € G| $(g) = e’} where e’ € G’ is the identity element of G’. The 
kernel of ¢ is denoted Ker(¢). 


In other words, the kernel of ahomomorphism ¢ : G = G’ consists of all the 
elements of G that ¢ sends to the identity of G’, or if you prefer, all the solutions to the 
equation ¢(x) = e’. Here’s a common use for the kernel, among other things. 


Theorem 6.7. Let ¢ : G > G’ bea group homomorphism. Then ¢ is injective if and 
only if Ker(¢) = {e}. 


Exercise 6.8. Find the kernel of the maps in Exercise 6.3| that are homomorphisms. 
Of those, which are injective? 
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It’s agood habit to use Theorem 6.7|to determine if a homomorphism is one-to-one. 
It’s often less work to find the kernel of ¢ than to check injectivity directly. 

Since the kernel of a homomorphism is the inverse image of the identity element 
of G’, it might be fun to see what would happen if we take the inverse image of a non- 
identity element of G’. We know we won't get a subgroup, of course. But do we get 
anything interesting at all? Let’s play around and find out! 


Exercise 6.9. Each function below is a homomorphism (you need not verify that). 
Compute and compare the kernel of each homomorphism to the given inverse images. 
(To compare means to see if there is a computation you can specify that relates the 
kernel to each inverse image.) 


(1) ¢:Z2—->2Zs; $(x) =r, where r is the remainder of x divided by 5. Compute and 
compare Ker(¢), —1(1), and ¢71(2). 


(2) @ : Zi] > Z; (a+ bi) = b—a. Compute and compare Ker(¢), ¢-1(1), and 
¢-\(-). 


(3) @ : GL,(R) > R*; (A) = det(A). Compute and compare Ker(¢) and ¢~!(—1). 
(Hint: do your answers to the first two exercises suggest how these two might also 
compare?) 


Theorem 6.10. Let ¢ : G — G’ bea group homomorphism with kernel K, and let 
a’ €G’. Then ¢-\(a’) = aK = Ka for any element a € ¢7\(a’). 


Let this theorem sink in for a minute. What it’s saying is that cosets of the ker- 
nel of a homomorphism correspond to the inverse images of elements of G’. Or put 
differently, all the elements in the same coset of the kernel of a homomorphism have 
the same image. Furthermore, the left and right cosets of the kernel are exactly the 
same for each element in G, even if the group G isn’t abelian. Since cosets all have the 
same number of elements, the number of elements in G that are mapped to any given 
a’ € G' are the same. That is an incredibly remarkable result. 


6.2 Normal subgroups 


Theorem gives us the opportunity to do something truly innovative. Recall that 
an isomorphism matched elements from two groups in such a way that the operations 
on the two groups also matched. A homomorphism still matches the operation, but 
the function need not be bijective, so individual elements aren’t always matched up 
perfectly. However, we just saw that it’s not the individual elements that are matched 
up: it’s the cosets of the kernel that are matched with elements of G’. Does that mean 
that, somehow, we can put a group operation on cosets? What would that even mean? 

Let’s first play with the kernel K of a group homomorphism ¢ : G > G’. If we 
pick two elements a’,b’ € G’ and take their inverse images, we'll get two cosets aK 
and bK, where ¢(a) = a’ and ¢(b) = b’. On the other hand, if we take the inverse 
image of the product a’b’, we'll get some coset cK, where ¢(c) = a’b’. But wait: since 
¢ is a homomorphism, we know that ¢(ab) = ¢(a)¢(b) = a’b’. Thus, we can choose 
c = ab. It therefore makes sense that we would want to say something like, “Define 
the product of cosets by aK - bK = (ab)K.” Will this always work? 
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Let’s begin with a group G and an arbitrary subgroup H < G. What we're going to 
attempt is to define an operation on the set G/H of left cosets of H in G. The previous 
paragraph gives us what looks like the natural binary operation to use: given two left 
cosets aH, bH € G/H, define 


(aH)(bH) = (ab)H. 


But any time we define a function on cosets - and a binary operation is a function - we 
have to prove that the function is well-defined. This is now our first crucial theorem. 


Theorem 6.11. Let G be a group and H < G. Then the binary operation on G/H given 
by (aH)(bH) = (ab)H is well defined if and only if gH = Hg forall g € G. 


In other words, this operation makes sense — and only makes sense — when the left 
and right cosets of H in G are the same. These subgroups form the backbone of much 
of group theory. 


Definition 6.12. Let G be a group and H < G. The subgroup H is a normal subgroup 
of G if and only if gH = Hg for all g € G. If H is a normal subgroup of G, we write 
HAG. 


Using this definition, the operation (aH)(bH) = (ab)H is well-defined if and only if 
H is anormal subgroup of G. Let’s now verify that G/H is a group under this operation 
when H is a normal subgroup of G. 


Theorem 6.13. Let G bea group and H <1 G. Then G/H is a group under the operation 
(aH)(bH) = (ab)H. 


Definition 6.14. Let G be a group and H<G. Then the group G/H under the operation 
(aH)(bH) = (ab)H is called the quotient group of G by H. 


The most common mistake that beginning abstract algebra students make is to 
confuse normal subgroups with a kind of commutative property. Frequently, when 
students see that aH = Ha, they interpret that to mean ah = ha whenever h € H. 
Sadly, this is incorrect. However, what it does say is that if H is normal inG andh € H, 
then ah = h'a for some h’ € H. In other words, if H is a normal subgroup of a group 
G, then elements in H almost commute with elements in G: switching the order of 
ah might change the element in H to h’a. But it’s rare that the elements commute 
themselves. 


Exercise 6.15. We’ve seen that SL,(R) is a normal subgroup of GL(R) (it’s the kernel 

1 a b 
I and let B = k 4| 
be an arbitrary matrix in SL([R). Show that in general, AB # BA, but that there is a 
matrix B' € SL,(R) such that AB = B’A. 


of the determinant homomorphism, after all). Let A = fi 


Because quotient groups seem unnatural, let’s work some examples to help get a 
bit of clarity on how quotient groups work. 


Exercise 6.16. It should be obvious that every subgroup of an abelian group is normal, 
which means that the quotient group G/H is defined for every subgroup H of an abelian 
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group G. Let’s practice some basic quotient group computations with abelian groups. 
We'll use some of the same subgroups from Exercise 5.2, so go back and review that 
first. 


(1) In the group Z/5Z, compute (2 + 5Z) + (4+ 5Z). 
(2) In the group Z,,/ (8), compute (1 + (8)) + (3 + (8)). 
(3) In the group Us/{fo, $4}, compute (6>{¢0, 4})(C3 {S05 S4})- 
(4) In the group Z[i]/H, where H = ({2, 2i}), compute (1 + H) + ((1 +i) +H). 
Let’s continue investigating quotient groups by examining the orders of their ele- 


ments. Since elements of a quotient group have the form aH for some a € G, we might 
see how properties of the element a € G help us understand the order of the coset aH. 


Theorem 6.17. Let G bea group and H <1G. 


(1) The element aH € G/H has finite order n if and only if n is the least positive integer 
such that a” € H. 


(2) Ifa € G has finite order k, then the element aH € G/H has finite order, and its order 
is a divisor of k. 


(3) If H has finite index m = |G : H|, thena™ € H foralla €G. 


Exercise 6.18. Find the order of the coset in the given quotient group. 
(1) In the group Z/5Z, find the order of 3 + 5Z. 
(2) In the group Z,,/ (8), find the order of 2 + (8). 
(3) In the group Ug/{€o, ¢4}, find the order of ( {G, ¢4}. 
(4) In the group Z[i]/H, where H = ({2, 2i}), find the order of (1 + i) + H. 
Because this group structure on G/H is the most relevant (in fact, it’s the natural 
group operation on G/H), we assume that when H <G, the set G/H of left cosets of H in 
G has the quotient group structure. Since normality is the key property for a subgroup 


to have in order to form a quotient group, let’s find as many ways to identify a normal 
subgroup as possible. 


Theorem 6.19. Let G bea group and H < G. Then the following are equivalent: 
(1) His normal in G. 

(2) gHg-! =H forallg €G. 

(3) ghg-! EH forallg € Gandhe H. 


Exercise 6.20. We now have three ways to determine if a subgroup H is a normal 
subgroup of a group G: use the definition directly or either of the two conditions in 
the above theorem. Practice using them by determining if the given subgroup H is a 
normal subgroup of the nonabelian group G. 
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(1) G =GL,(R),H = SL,(R). 


(2) G =SL,(Z),H = ee = A Sélabede zh 
+1 0 
(3) G=GL,(R),H = | ; alt 


1k 


(4) G =GL,(R),H = Ho i 


Jec|eent. 
(5) G=Sp,H={f €G| f(x) =ax+b,a,b€R,a FO}. 
(6) G={f €Sg|f(~) =ax+b,abEeRaF0}>,H ={f €G| f(x) =x+b,b 4 O}. 


Notice how conjugates play a role in the identification of normal subgroups. For 
instance, since inner automorphisms encode the process of conjugation, normal sub- 
groups are those that every inner automorphism leaves invariant (that is, doesn’t 
change). Since identifying which subgroups are normal remains an important goal, 
we should develop as many tools as we can that help us detect them. The next theo- 
rems will help us do just that in some important cases. 


Theorem 6.21. Let G be a group and H be a nonempty collection of normal subgroups 


of G. Then (| H isa normal subgroup of G. 
HexH 


Theorem 6.22. Let G bea group and H < G. If |G : H| = 2, then H <1G. 


Theorem 6.23. Let G be a group and H a finite subgroup of G of order n. If H is the only 
subgroup of order n, then H <1G. 


Theorem 6.24. The center of a group is a normal subgroup of G. 


Theorem 6.25. Let G bea group. Then Inn(G) <i Aut(G). 


6.3 The natural projection homomorphism 


Our last section was motivated by the fact that the kernel of a homomorphism is a 
normal subgroup, which means that normal subgroups are inherently related to the 
study of homomorphisms. Let’s begin this final section of group theory by developing 
this line of inquiry. 


Theorem 6.26. Let ¢ : G > G’ bea group homomorphism. If H <1G, then ¢(H) <1¢(G), 
and if H’ < ¢(G), then ¢-1(H’) «1G. 


Be very careful in reading this theorem. It says that the image of a normal subgroup 
is normal in the range of ¢ and not (necessarily) normal in all of G’. To make this 
explicit, work the following exercise out carefully. 


Exercise 6.27. This exercise is designed to show you that you can have subgroups H 
and K of a group G where H is normal in K and K is normal in G, but H is not normal 
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in G. Let G be the group of the following eight matrices under matrix multiplication: 
ees (St: 0:4 sel 
7 Oo SELF [ed O11? f° 


Let H be the subgroup generated by k ip and let K be the subgroup generated by 


1 O}’|-1 0 
but that H is not normal in G. (This illustrates the warning just before this exercise: 
take: : K > G to be the inclusion homomorphism (a) = a.) 


the set A = il? 4 F | 9 mal? Show that H is normal in K and K is normal in G, 


We must proceed with caution and precision. In the last section we proved that 
the kernel of a homomorphism is a normal subgroup, but we never asked if normal 
subgroups are always the kernel of some homomorphism. Let’s answer that question 
first. 


Theorem 6.28. Let G bea group and H <G. Then the function ¢ : G — G/H given by 
$(g) = gH is a homomorphism with Ker(¢) = H. 


Definition 6.29. Let G be a group and H <G. Then the function ¢ : G > G/H given 
by ¢(g) = gH is called the natural projection homomorphism from G onto G/H. 


Hence, there’s a natural relationship between normal subgroups and quotient 
groups. Yet for many students, quotient groups are among the most mysterious ob- 
jects. After all, the elements of a quotient group are cosets, which isn’t a natural object 
to study. Let’s use the natural projection homomorphism to help us develop our un- 
derstanding of quotient groups. 


Theorem 6.30. Let G bea group and K <1G. Let $ : G > G/K be the natural projection 
homomorphism and H’ a subgroup of G/K. 


(1) H = ¢-1(H’) isa subgroup of G containing K, and if H’ <1 G/K, then H 1G. 
(2) H' = H/K. 
(3) If H' and K are both finite, then H is finite and |H| = |H'| - |K|. 


Now, every group has two normal subgroups: the trivial subgroup and the im- 
proper subgroup. But what if a group G has no nontrivial proper normal subgroups? 
Can that happen? 


Definition 6.31. A group G is a simple if and only if G has no nontrival proper normal 
subgroups. 


Theorem 6.32. Groups of prime order are simple. 


This theorem’s a bit like cheating, though. It’s only true because groups of prime 
order have no nontrivial proper subgroups at all, normal or otherwise. Let’s ask in- 
stead if there any “interesting” simple groups - ones that do have a nontrivial proper 
subgroup that isn’t normal. Again, there are, but you'll have to wait until a later sec- 
tion. However, we can also create simple groups by constructing quotient groups from 
“large” normal subgroups. 
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Definition 6.33. Let G be a group and H <G. We say that H is a maximal normal 
subgroup of G if and only if whenever K is a normal subgroup of G such that HA K<G, 
then either K = H or K =G. 


Theorem 6.34. Let G bea group and H <1 G. Then G/H is simple if and only if H is a 
maximal normal subgroup of G. 


Exercise 6.35. Here’s an easy way to get comfortable with maximal normal subgroups. 
Pick any positive integer n that’s not a prime, and choose any prime number p that 
divides n. Prove that the subgroup generated by n/p is a maximal normal subgroup of 
Zy. 


Cyclic groups 


7.1 Properties of cyclic groups 


We turn our attention in this chapter to a very important case: when the improper 
subgroup itself is cyclic. Rather than use this inelegant terminology, we simplify our 
terminology in the natural way. 


Definition 7.1. Let G be a group. Then G is called a cyclic group if and only if there 
exists an element a € G such that G = {a"|n © Z}, and we say that a is a generator 
of G. 


Exercise 7.2. Prove that both Z and Z,, are cyclic groups, and both are generated by 
1. Are there any other generators? 


Our task is to examine the properties of cyclic groups and compare and contrast 
infinite cyclic groups and finite cyclic groups. Let’s begin with properties common to 
all cyclic groups. 


Theorem 7.3. Let G be a cyclic group. If ais a generator of G, then so is a7}. 


Theorem 7.4. Let G bea cyclic group generated by a. If H is a nontrivial subgroup of G, 
then a” is a generator of H, where n is the least positive integer such that a” € H. 


Corollary 7.5. If G is a cyclic group, then every subgroup of G is cyclic. 


It should also be obvious that all cyclic groups are abelian; after all, if G is cyclic, 
then every element of G has the form a” for some generator a € G and some integer 
n, and aia/ = a@+) = aU+) = qia'. That also means that all subgroups of a cyclic 
group are normal. But what happens if you form a quotient group of a cyclic group? 


Theorem 7.6. Let G be a cyclic group generated by aand H < G. Then G/H is cyclic 
and is generated by aH. 
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Finally, forming homomorphisms from cyclic groups is very easy. 


Theorem 7.7. Let G be a cyclic group generated by a, and let G’ be any group. 


(1) If a has infinite order, then for any g’ € G’, there exists a unique homomorphism 
g¢ : GG’ such that ¢(a) = g’. 


(2) Ifahas finite order n, then for any g’ € G’ whose order divides n, there exists a unique 
homomorphism ¢ : G > G' such that $(a) = g’. 


What this theorem does is allow us to define a homomorphism by simply specify- 
ing the image of a generator, and the rest of the elements of G are completely deter- 
mined by that choice. The following exercises will help you understand this idea. 


Exercise 7.8. Given the information below, determine if there exists a homomorphism 
¢ between the groups indicated. If so, compute ¢(3) and Ker(¢). 


(1) ¢ : Z> Z,, given that ¢(1) = 2. 
(2) $ : Z; > Z, given that (1) = 2. 
(3) ¢ : ZZ, given that $(2) = -1. 
(4) ¢ : ZZ, given that $(-1) = 2. 
(5) $ : Zy9 > Zs, given that $(1) = 4. 


(6) ¢ : Zs + Zy, given that $(4) = 1. 


(7) $ : Z—> GL,(R), given that 4(1) = I a 


(8) ¢ : Z, > GL,(R), given that ¢(1) = i a 
7.2 Infinite cyclic groups 


The structure of infinite cyclic groups differs somewhat than that of finite cyclic groups. 
The structure of infinite cyclic groups is easier, but also less interesting. Let’s deal with 
this case first. 


Theorem 7.9. Let G be an infinite cyclic group. If a € G is not the identity element, then 
the order of a is infinite, and if a generates G, then only a and a~ generate G. 


Theorem 7.10. Let G be an infinite cyclic group. Then G = Z, and there are exactly two 
isomorphisms from G to Z. 


This theorem is significant, as our understanding of Z gives us a corresponding 
understanding of any infinite cyclic group. 


Theorem 7.11. The only subgroups of Z are nZ, for all n € Z. 
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While this theorem seems relegated to the realm of the trivial, it also means that 
if you ever create a subgroup of Z, you must conclude that your subgroup is the col- 
lection of multiples of some integer n € Z. In particular, any subgroup of Z generated 
by more than one element must also be generated by a single integer n. More specif- 
ically, consider the subgroup H of Z generated by the two-element set {a, b}, so that 
H = {ax + by|x,y € Z}. By Theorem [7.11] there exists some n € Zsuch that H = nZ, 
and H is generated only by n and —n. If both a and b are zero, then n = 0, but if at 
least one of a or b is not zero, then either n or —n is positive. This positive generator of 
{ax + by|x, y € Z} has a special name. 


Definition 7.12. Let a,b © Z, not both zero. The positive generator of 
{ax + by|x,y € Z} is called the greatest common divisor of a and b, denoted 
gcd(a, b). 


Read this definition carefully. It states quite clearly that if a and b are integers, 
not both zero, then gcd (a, b) is the least positive integer of the form ax + by, for some 
integers x, y. After all, gcd(a, b) generates the subgroup {ax + by| x,y € Z}, so there 
are no positive integers less than gcd (a, b) in that set. This is one of the most important 
ways to use this definition in proofs, so keep this in mind as you proceed through this 
chapter. 


Theorem 7.13. Let a,b € Z, not both zero, and letd € Z. Then there exist integers x 
and y such that d = ax + by if and only if d is a multiple of gcd(a, b). Furthermore, 
|ab|/ gcd(a, b) is the least common multiple of a and b. 


Since every integer is a multiple of 1, the case of gcd(a, b) = 1 deserves special 
attention. 


Definition 7.14. Let a,b € Z. Then a and b are relatively prime if and only if 
gcd(a, b) = 1. 


Exercise 7.15. Find integers x and y that solve each equation below. If no such inte- 
gers exist, explain why the equation cannot be solved. 


(1) 3x4+5y=1 (3) 12x + 18y = 30 
(2) 10x + 21ly = —11 (4) 30x + 33y = 16 


7.3 Finite cyclic groups 


The structure of finite cyclic groups is much more interesting. What’s more, we can 
use our new-found knowledge of the structure of infinite cyclic groups to help us with 
finite cyclic groups. Before you proceed, review the theorems on cyclic subgroups and 
on the order of an element in Chapter. You'll likely want to use them to prove some 
of the following theorems. 


Theorem 7.16. Let G be a finite cyclic group of order n, and let a be a generator of G. 
Then ak is a generator of G if and only ifn and k are relatively prime. 
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Theorem 7.17. Let G be a finite cyclic group of order n. Then G = Z,, and there are 
exactly k isomorphisms from G to Z,, where k is the number of integers in Z,, that are 
relatively prime to n. 


Theorem 7.18 (The Structure Theorem of Finite Cyclic Groups). Let G be a finite 
cyclic group of order n generated by a, and letk € Z. Then the order of a‘ is n/d, 
where d = gcd(k,n). Furthermore, for any 1 € Z, then (a') = (a*) if and only if 
gcd(l,n) = gcd(k, n). 


The figure that now follows is one of the most powerful visual aids in understand- 
ing the structure of groups from their subgroups. A subgroup lattice is a diagram that 
shows which subgroups are subsets of each other in a group. The trivial subgroup is 
listed at the bottom of the diagram, and the improper subgroup is listed at the top. The 
remaining subgroups are listed between them, with a segment drawn between H and 
K if H < K and for which there is no subgroup “between” them. (In other words, if 
H <J < K are distinct subgroups, draw a segment between H and J and a segment 
between J and K, but not between H and K, since the diagram will show a “path” from 
H to K through J.) The figure that follows is the subgroup lattice for the finite cyclic 
group Z¢,. As we develop our understanding of groups, we’ll encounter more diagrams 
like this one. 


Z6o = (1) 


(2) (3) (5) 


(12) (20) (30) 


(0) 


Figure 71. Subgroup Lattice for Z¢ 


Exercise 7.19. These rather tedious exercises are quite important to understand the 
nature of the subgroups of a finite cyclic group. For each group listed below, please 
list its generators and all its subgroups, along with all the elements that generate each 
subgroup. Then draw a subgroup lattice for G which shows the nature of its subgroup 
relationships. 
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(1) G=Z, (3) G=Z,5 (5) G = Z56 
(2) G=Zy (4) G=Zi6 (6) G=Zy 


Exercise 7.20. We've seen that U,, is a cyclic group of order n, so the Structure Theo- 
rem of Finite Cyclic Groups applies. In particular, the generators of U,, are called the 


primitive n© roots of unity. Find all primitive n roots of unity form = 7,12, and 15. 


Knowing the structure of cyclic groups really helps out our understanding of 
abelian groups. For instance, here’s a very useful theorem for you to prove. 


Theorem 7.21. Let G bea group of order p*, where pis a prime and k is a positive integer. 
Then G has an element of order p. 


Corollary 7.22. Any group of prime order p is cyclic and is isomorphic to Zp. 


We can also put together our knowledge of cyclic groups and quotient groups to 
get a very powerful result. 


Theorem 7.23. Let n > 0 bea positive integer. Then Z/nZ = Z,,. 


Direct products 


8.1 External direct products 


If you haven't noticed yet, there’s a huge class of objects that hasn’t even been discussed 
yet: ordered pairs. There hasn’t been much need for them yet, but we’re at a stage where 
we're limited in our analysis by the kinds of groups we have. Hence, let’s see how we 
might expand our repertoire from what we already have using ordered pairs. 

An ordered pair (a, b) is nothing more than a list of two elements, where a € A 
and b € B for some sets A, B, and the collection of all such ordered pairs is written 
Ax B, called the Cartesian product of A with B (see Section in Appendix A). Since 
groups are indeed sets, it’s not unreasonable to see if we can take the product of two 
groups and create a natural group structure on that product. Let’s first prove that such 
a structure is in fact a group, and yes, you do have to prove associativity in this first 
theorem. 


Theorem 8.1. Let (G,, *;) and (G), *2) be groups. Then the binary structure (G, X G3, *) 
defined by (1, 82) * (My, hz) = (81 *1 M1, 82 *2 ha) is a group. 


Definition 8.2. Let (G;, *,) and (G2, *) be groups. The external direct product of 
G, with G, is the group (G, x G3, «) defined by (g1, 82) * (My, ho) = (81 *1 My, 2 *2 Ny). 


In other words, the direct product of two groups is the group on the Cartesian 
product of the sets, where the operation is performed component-wise. And yes, this 
definition can be extended to the product of any finite number of groups, where the 
operation on ordered n-tuples is performed component-wise. 


Example 8.3. The following facts aren’t too hard to believe, so we won’t prove them. 
(1) The product group G x {e} is isomorphic to G, andGxH2HxG. 


(2) The product group Z x Z x --- x Z is one of the most common and best known. 
In particular, Z x Z is isomorphic to Z[i]: the map ¢ : Zx Z — Z{[i] given by 
g(a, b) = a + bi is the required isomorphism. 
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(3) The group Z,, x Z,, is a finite group of order mn, but it may or may not be cyclic 
(see theorems below). Keep in mind that the operation on ordered pairs is done 
component-wise: it’s addition modulo n in the first coordinate, but addition mod- 
ulo m in the second. 


(4) Notice that a product group is abelian if and only if each group in the product is 
abelian. So, GL,,(IR) x C is not abelian. 


(5) You can form the direct product of any two groups - just keep track of each com- 
ponent’s operation. U, x Q,SL2(Z) x C*, and S, x Inn(G) are all perfectly fine 
groups. 


Let’s get the basic properties of products under our belts. 


Theorem 8.4. Let G, and G, be groups. 

(1) If H, < G, and Hy <1 Gz, Then H, xX Hy <1 G, X Gp. 

(2) If G, is generated by A, and G, is generated by A, then G, X G, is generated by the 
set (A, x {e}) U ({e} x A,). 

(3) If G, x Gy is generated by A, then A, = {a € G,|(a,b) € AforsomeB € G3} 
generates G, (and similarly for G2). 

Corollary 8.5. Let G, and G, be groups. 

(1) G, x fe} 1 G, x Gp. 

(2) G, X G, is finitely generated if and only if G, and G are finitely generated. 

Exercise 8.6. This exercise is a warning about a common misreading of the above 


theorem. Prove that (1,1) does not generate Z x Z, and that Z x Z isn’t cyclic. Then 
show that the set {(1, 0), (0, 1)} does generate Z x Z. 


Since we’ve begun looking at generating sets for products, we should turn our at- 
tention to the order of elements in a direct product. 


Theorem 8.7. Let G, and G be groups, and let g; € G; fori = 1,2. If either g, or g> 
have infinite order, then so does (g,, 8.) € G, X G. If g, has finite order n, and g> has 
finite order n,, then the order of (g1, 82) € G1 X G, is the least common multiple of n, 
and np. 


This theorem extends easily and naturally to the direct product of any finite num- 
ber of groups. For our first main application of this theorem, let’s consider the impor- 
tant case of the product of cyclic groups. 


Theorem 8.8. Let m and n be positive integers. Then Z,, X Z, is cyclic if and only ifm 
and nare relatively prime. 


Corollary 8.9. Z,, x Z, = Zmy if and only ifm and n are relatively prime. 


Exercise 8.10. In each exercise, two groups are given. Decide if they are isomorphic 
or not. 
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G) G.=Z, -G.=Z Xz, 

Q6=Z2 G=Z Xz, 

QVG, <2 x%e C= 72, 

(4) G,=Z6xZ1s; Gy =Z3 X Zao. 

(5) Gy =Z2XZ363. Gp = Z3 XZy2 XZ). 
(6) G) = Zy65 X Z1g2; Gz = Zy6 X Z33 X Z35. 


What about homomorphisms of products of cyclic groups? 


Theorem 8.11. Let G,, G, be cyclic groups generated by aj, ay, respectively, and let H 
be any group. Then for any h,,h, € H (with order a divisor of the order of a, or a, 
when a, or az have finite order) with hh, = hyh,, there exists a unique homomorphism 
g : G, XG, > H such that $(a,, e2) = h, and $(e1, az) = hy. 


Exercise 8.12. You might wonder why we need the elements h,,h, € H in this the- 
orem to commute. Show that there is no homomorphism ¢ : Z x Z > GL,(R) with 
~(1,0) = It a $(0,1) = F ‘| In fact, show that if h,, h, do not commute, then 


a homomorphism as given by Theorem cannot exist 


Exercise 8.13. Compute the indicated quantities of the given homomorphisms. 

(1) ¢:Z2xZ- Z given by £(11,0) =6, ¢(0,1) = —4. Compute (1, 2) and Ker(¢). 
(2) 6: ZxXZ— Z given by (1,0) =1, (0,1) = 7. Compute ¢(3, 2) and Ker(¢). 
(3) 6: Z4xZy > Z, given by (1,0) =0, (0,1) = 1. Compute (1, 3) and Ker(¢). 


(4) ¢ : Z,xZ, —> GL,(R) given by ¢(1, 0) = k ale $(0, 1) = 1°, al Compute 


(1, 1) and Ker(¢). 


It now stands to reason that if there is an external direct product, there must be an 
internal direct product as well. Rather than pursue this line of thought, the following 
exercise gives you a taste of how to think of an internal direct product intuitively using 
subgroups of an abelian group. 


Exercise 8.14. Let G be an abelian group, and let H, and H, be subgroups of G. Prove 
that if every element g € G can be written uniquely in the form g = h,h,, where 
h, € H,,h, € Hp, then G is isomorphic to H, x H. 


8.2 Finitely generated abelian groups 


We now arrive at a foundational theorem in the subject. This theorem provides a com- 
prehensive list of all abelian groups that are finitely generated. Unfortunately, the par- 
ticular details of the proof require techniques that we haven't covered, but its power is 


1Thanks to Josephine Yu for this observation! 
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too great to leave this theorem alone. Instead, we’ll prove aspects of the theorem that 
will give you some ideas as to why it might be true. We'll begin with an interesting 
theorem. 


Theorem 8.15. Let G be an abelian group. If T is the set of all elements of G with finite 
order, then T is a subgroup of G. 


Definition 8.16. Let G be an abelian group. The subgroup T ofall elements of G with 
finite order is called the torsion subgroup of G. If the torsion subgroup of G is the 
trivial group (that is, the only element of G with finite order is e), then we say G is 
torsion free. 


Exercise 8.17. Many students mistakenly remember the torsion subgroup as “the set 
of all elements of finite order of a group.” That would be true, if the group itself were 
abelian. But nonabelian groups are far more problematic. Show that the two matrices 


1 0 
(This shows that the set of elements of finite order need not be closed in a nonabelian 
group.) 


1 
A= i 4 and B= 3 4 each have finite order, but their product has infinite order. 


Exercise 8.18. In each abelian group G below, identify its torsion subgroup. Are any 
torsion free? 


(1) G=Z,xZ (4) G=Q 
(3) G=R* (6) G={e® EC|6eQ} 


Let’s first investigate abelian groups G where its torsion subgroup is G (that is, 
every element of G has finite order). Try this first theorem out, then we’ll see where 
this might take us. 


Theorem 8.19. Let G be an abelian group of order p*, where p is a prime. Ifa € G 
generates a cyclic subgroup H of order p, then for any b € H, the p distinct cosets of H in 
G are {H, bH, b*H,..., b?-!H.} 


The upshot of this theorem is that since the cosets of a subgroup partition the group 
G, then every element g € G can be written uniquely in the form g = b*a! for some 
integers 0 < k,l < p. But does that mean that G is a direct product or not? As it turns 
out, it all depends on how the elements a and b relate. In particular, we know that 
bP € H,so bP = ak for some integer 0 <k < p. Ifk # 0, then b has order p, and so G 
is isomorphic to Z,2. On the other hand, if b? = e, then every element g € G has order 
p, which suggests that G is isomorphic to Z, x Z, (which it is). This generalizes to any 
group of prime power order and gives us our first step towards our big result. 


Theorem 8.20. Let G bean abelian group of prime power order p*. Then G is isomorphic 
to a direct product of cyclic groups Zk X Zyke X ++ X Zykns where kj +k, +---+k, =k. 


Exercise 8.21. How many abelian groups of order 8 are there? Of order 81? 
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However, what if our group G isn’t a group of prime power order? This next little 
lemma is a starting place to develop intuition. 


Lemma 8.22. Let G be an abelian group. Then for each prime p, the set of elements 
whose order is a power of p forms a subgroup of G. 


What we'd like to do, then, is claim that if G is a finite abelian group, then G can 
be decomposed into groups of prime power order. We can follow that by decomposing 
those groups of prime power order into a product of cyclic groups of prime power order. 
That’s exactly what happens, but the best tools to use to prove this result come later in 
the book. If there’s time, try to work through the details, but this intermediate result is 
so important that you'll want to have it now. 


Theorem 8.23 (The Fundamental Theorem of Finite Abelian Groups). Let G be a finite 
abelian group of order |G| = pi! pS? «+: Dn", where p;,..., Pn are distinct primes. Then 


there exist unique groups Ap, ‘: Hp,, wes » Hp, such that 
G = H,, X Hp, X +++ X Hp, 
where the group Hp, is a direct product of cyclic groups Hy, = Zia x Z ia XX Z kn» 
i i i 


where k, +k, +--- +k, = qj. 


(1, 1)) aa. 0), (0, a (, is ae 0), (0, 5)}) (0, 1)) 


JL APSE 


(1, 5)) 4G, 3)) {CL 0),(0,15)}) ((1,6)) (0, 2)) ((1, 10)) ((0,3)) ((0,5)) 


\\7 DEELEY 


((1,15)) oe 0)) 2 ee es 10)) _ «(0,15)) 


= aan 


Figure 8.1. Subgroup Lattice for Z, x Z39 


We can now show you the idea in the general case when the torsion subgroup 
of G isn’t all of G. Take a finitely generated abelian group G, and let T be its torsion 
subgroup. We really ought to think of G as being divided into two pieces: its torsion 
subgroup T, and a whole bunch of elements of infinite order. If things were to work 
out really well (which, fortunately, they do), then we might be able to think of G itself 
as a product of T and a torsion-free group H. But wait: G is both abelian and finitely 
generated, so this mystery group H also needs to be abelian and finitely generated. 
However, H is torsion free, so every element in H will generate a subgroup isomorphic 
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to Z. If we take the smallest number of elements needed to generate H, say b such 
elements, then we really ought to wind up describing H as a product of Z with itself b 
times total. That process is exactly what happens. 


Theorem 8.24 (The Fundamental Theorem of Finitely Generated Abelian Groups). 
Let G be a finitely generated abelian group with torsion subgroup T. Then there exists a 
unique integer b > 0 such that G = T x 2°. 


Corollary 8.25. Every finitely generated abelian group is a product of cyclic groups. 
Aside. The integer b in the above theorem is called the Betti number of the group. 


Exercise 8.26. A very scant description of an abelian group G is given below. Based 
on the information given, identify all possible finitely generated abelian groups, if any, 
to which the group G might be isomorphic. 


(1) |G] =11. 

(2) |G| = 25. 

(3) |G| = 35; G is not cyclic. 

(4) |G| = 48; G is not cyclic. 

(5) |G| = 64; every element of G has order 1 or 2. 

(6) |G| = 90; every element of G has order 1, 2, 3, 4, or 5. 
(7) GZ TXZ;|T| = 120; Z° is cyclic. 


(8) GX TxZ?;|T| = 210; Z° does not need more than 3 generators. 


The isomorphism theorems 


9.1 The first isomorphism theorem 


We're now in a position to put what we’ve learned in the past three chapters together. 
Specifically, we learned how to construct quotient groups in Chapter ( the structure 
of cyclic groups in Chapter [7% and the nature of finitely generated abelian groups in 
Chapter , What we'd like to know now is how to identify the structure of quotient 
groups. What we need is a way to tell when a quotient group is isomorphic to a well 
known group, such as a cyclic group or a finitely generated abelian group. Such a 
method is our first and most important theorem of the chapter. 


Theorem 9.1 (The First Isomorphism Theorem). Let ¢ : G > G’ bea homomorphism 
with kernel K. Then the function ¢ : G/K — ¢(G) given by ¢(gK) = ¢(g) is a well- 
defined isomorphism. 


Corollary 9.2. Let $ : G > G’ bea surjective homomorphism with kernel K. Then G’ 
is isomorphic to G/K. 


With this theorem, we have the power to make intuition precise. Think of quo- 
tient groups as collapsing part of the group together, leaving only part of the group left. 
When this happens, what structure do we have left after the quotient? We'll make an 
educated guess and then use the corollary to the First Ismorphism Theorem to ver- 
ify our guess! The next example and the first few theorems that follow should help 
develop this intuition. 


Example 9.3. Let’s see an example of how to use the First Isomorphism Theorem on a 
fact we already know: Z/ (n) = Z,. What we should do is find an onto homomorphism 
g¢ : Z > Z, whose kernel is specifically (n). So, let’s use Theorem [7.7] and define a 
homomorphism ¢ by ¢(1) = 1 (so that (x) = $(x-1) = x¢(1), which means that $(x) 
is the remainder of x divided by n). We simply need to show that ¢ is onto and that 


Ker(¢) = (n). 


59 


60 Chapter 9. The isomorphism theorems 


The first is easy: for any b € Z,,, we have $(b) = $(b-1) = bf(1) = b. We now need 
to compute the kernel of ¢, and since Ker(¢) are all those integers x such that (x) = 0, 
we need to find all integers x such that ¢(x) is a multiple of n. But $(x) is simply the 
remainder of x when divided by n. That means that x itself must be a multiple of n, so 
Ker(¢) is the set of all multiples of n. That’s what (n) is, and thus Ker(¢) = (n). By the 
First Isomorphism Theorem, Z/(n) & Zy. 


Theorem 9.4. Let G be a group with identity e. Then G/G & {e} and G/{e} & G. 


Theorem 9.5. Let G, and G, be groups. Then (G, X G2)/(G, x {e’}) & G2, with e' the 
identity of Gp. 


Theorem 9.6. Let G,; and G, be groups, with e’ the identity of G,. If H <1 G,, then 
(G, X G2)/(H x {e'}) = (G,/H) x Go. 


Theorem 9.7. Let G be a group. Then G/Z(G) = Inn(G). 


Exercise 9.8. When computing the quotient group (G, x G)/(H, x Hz), students ask 
if they can do this “sequentially:” take the quotient by Hj, x {e’} first, and then take the 
quotient of that by {e} x H,. Make this idea precise, and prove that it works. 


9.2 Quotients of finitely generated abelian 
groups 


While the First Isomorphism Theorem seems to be rather abstract, its real power is in 
understanding what happens when you form a quotient group. In particular, one of 
the most powerful ways to use the theorem is when your groups are finitely generated 
and abelian, since you can then use the Fundamental Theorem as well! Let’s begin 
with some theorems about products of infinite cyclic groups. 


Exercise 9.9. Before attempting the following theorem, prove that Z x Z/ ((1,1)) = Z. 


A word of warning is appropriate here. Many students see the quotient group 
Z x Z/((1,1)) and conclude that the 1 in the first coordinate will collapse the first fac- 
tor of Z, and the 1 in the second coordinate will collapse the second factor of Z; thus, 
the quotient group is the trivial group. Notice that you are only collapsing those or- 
dered pairs whose first and second coordinates are equal, leaving a lot of elements in 
the quotient group unaccounted for. Be careful to notice, then, that Z x Z/((1,1)) and 
Z x Z/ (1) x (1) are different. 


Theorem 9.10. Letn € Z. Then ZX Z/((n,1)) = Z. 


Now for our first important quotient group computation. You might find Section 
(7.2) useful to review. 


Theorem 9.11. Let a,b € Z be relatively prime integers. Then Z x Z/ (a, b)) = Z. 


But what if a and b aren’t relatively prime? 
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Theorem 9.12. Letn € Zt. ThenZ xX Z/((n,n)) = Z, x Z. 
With this theorem, you might be able to predict the next theorem. 


Theorem 9.13. Let a,b € Z be integers, not both zero, and let d = gcd(a,b). Then 
ZX Z/((a,b)) = Zg XZ. 


Exercise 9.14. Classify the following according to the Fundamental Theorem of 
Finitely Generated Abelian Groups. 


(1) Zx Z/((0,7)) (5) Zx Z/((14, 21)) 
(2) Zx Z/<(1,7)) (6) ZXZxZ/<(1,1,0)) 
(3) Zx Z/((3,7)) (7) ZX Zx2Z/((1,1,1)) 
(4) Zx Z/((7,7)) (8) ZXZXZ/{(2,2,2)) 


Quotients of finite abelian groups are a bit trickier. Let’s start out with something 
easy first. 


Theorem 9.15. Let n be a positive integer, and leta € Z,. If d = gcd(a,n), then 
Zyl (a) > Za. 


From here, however, general theorems get in the way of a more straightforward 
computation: the use of the Fundamental Theorem of Finitely Generated Abelian 
Groups. The typical way to analyze quotient groups of products of cyclic groups is 
by looking at the order of elements in the quotient group, and then using the Funda- 
mental Theorem to classify the quotient group. 


Example 9.16. Consider the quotient group G = Z, x Z,/((3,3)). By Lagrange’s the- 
[Z5 x Zo| _ 54 
(33) 2-3 
group of order 9, which means G is isomorphic to either Z, or Z3 x Z3. But which one? 
The key observation is that the main difference between the two groups is the order 
of elements: Z, has an element of order 9, while all elements of Z; x Z; have order 1 or 
3. That suggests that we should see if G has an element of order 9. Since G is generated 
by {(1, 0), (0, 1)}, let’s look at the order of (1, 0) + ((3, 3)) and (0, 1) + (@, 3)) in G. 
To accomplish this, it'll be helpful to know exactly which elements of Z, x Zy are 
in ((3, 3)). Let’s simply list them out. 


((3, 3)) = {@, 0), (3, 3), (0, 6), (3, 0), (0, 3), (3, 6)}- 


We immediately notice something important: the smallest multiple of (1, 0) in ((3, 3)) 
is (3, 0); likewise for (0, 1). That means that both (1, 0) + (3, 3)) and (0, 1)+((3, 3)) have 
order 3 in G. That also means that every element in G has order at most 3; after all, if 
(a, b) + ((3,3)) € G, then 


3((a, b) + (3, 3))) = (3a, 3b) + ((3, 3)) 
= ((3a, 0) + ((3, 3)) ) + ((0, 3b) + (3, 3)) ) 
= a((3,0) + ((3, 3))) + b((, 3) + (3, 3))) 
= ((3, 3)). 


orem, this group has order |G| = = 9. Hence, G is a finite abelian 
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Thus, every element’s order is a divisor of 3. Since there are no elements of order 9, we 
conclude that G = Z; x Z3. 


Exercise 9.17. Use the Fundamental Theorem of Finite Abelian Groups to classify the 
following quotient groups. 


(1) G=Z,; x Z)2/((0,8)) (3) G=Z4 x Z6/ (2, 3)) 
(2) G=Z, x Z,/ (a, 2)) (4) G=Z4XZ4 Xx Zze/ (], 2 4)) 


9.3 The second and third isomorphism 
theorems 


There are, in fact, four traditional isomorphism theorems in group theory, but we'll 
only cover the first three. In particular, these next two rely on the corollary to the First 
Isomorphism Theorem for their proofs. 


Lemma 9.18. Let G be a group and H, K be subgroups of G. If either H or K is normal 
in G, then the set HK = {hk |h € H,k € K} is a subgroup of G, and if both H and K are 
normal in G, then HK is normal in G. 


Theorem 9.19 (The Second Isomorphism Theorem). Let G be a group and H,K be 
subgroups of G. If K <1 G, then (HK)/K = H/(H NK). 


What this theorem tells us is that you can create a subgroup by multiplying two 
subgroups together, provided one of them is normal. However, the resulting subgroup 
you create might have members that are somewhat redundant, in that they belong 
to both subgroups. If you try to “undo” this multiplication of subgroups by taking a 
quotient of one of them, you actually quotient out a bit of the other subgroup too, and 
that specifically corresponds to the elements they have in common. 


Exercise 9.20. Let’s try out this theorem in a familiar setting. Let G = Z, and consider 
the subgroups H = 4Z and K = 6Z. 

(1) First, verify that HM K = 12Z. You might find Section [1.2| relevant. 

(2) Next, show that H + K = 2Z. You might find Section [7.2| relevant. 


(3) Finally, prove that 2Z/6Z and 4Z/12Z are isomorphic by showing that they are both 
isomorphic to Z3. 


Lemma 9.21. Let G be a group and H,K be normal subgroups of G. If K <1 H, then 
H/K <1G/K. 


Theorem 9.22 (The Third Isomorphism Theorem). Let G be a group and H, K be nor- 
mal subgroups of G. If K <1 H, then (G/K)/(H/K) & G/H. 


This one seems a bit more natural to understand. It says that if you have a normal 
subgroup H <1G, inside of which is another normal subgroup K of G, then the quotient 
group G/H is the same as if you quotient everything by K first, and then compute the 
correpsonding quotient group (G/K)/(H/K) inside G/K. 
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Exercise 9.23. As before, let’s try out this theorem in a familiar setting. Let G = Z, 
and consider the subgroups H = 2Z and K = 4Z. 

(1) Verify that G/K = {n + 4Z|n = 0,1, 2,3} and that H/K = {n + 4Z|n = 0, 2}. 


(2) Verify that (G/K)/(H/K) is isomorphic to G/H by showing that they are both iso- 
morphic to Z>. 


The symmetric groups 


10.1 Permutations 


Up to this point, most of our examples of groups have been abelian. While that makes 
for easy mathematics, much of the subject deals with non-abelian groups. Indeed, 
the motivation for much of algebra rests on properties of non-abelian groups and how 
they impact our understanding of solutions to polynomial equations. Our first task is 
to define the main object of study. 


Definition 10.1. Let .A be any set. A permutation of A is a bijection f : A > A, and 
the set of all permutations of A is denoted S,. 


Theorem 10.2. Let A be aset. The binary structure (S ,, ©) given by function composition 
is a group. 


Definition 10.3. Let A be a set. The group (S4, 0) given by function composition is 
called the symmetric group on A and is denoted $4. The identity permutation of S, 
is denoted cand is given by :(a) = a foralla € A. WhenA = {1, 2,...,n}, the symmetric 
group on A is called the symmetric group on n letters and is written S,,. 


Exercise 10.4. It’s important to remember that our objects in S,, are bijections, and 
that our operation on those objects is function composition. Practice this operation by 
finding the order and the inverse of the given permutation o € S,, for some n > 5. 


(1) o() = 2, o(2) = 1, o(a) = a for all other a € {1,2,..., n}. 
(2) o(1) = 2, o(2) = 3, o(3) = 1, o(a) = a for all other a € {1,2,..., n}. 
(3) o(1) = 2, o(2) = 1, o(3) = 4, o(4) = 3, o(a) = a for all other a € {1,2,..., n}. 


(4) o(1)=2, o(2)=1, o(3)=4, o(4) =5, (5) =3, o(a)=a for all other n€{1, 2,...,n}. 


Exercise 10.5. To help us understand how a symmetric group’s elements behave, let’s 
really dig into the symmetric group $3. In a manner similar to Exercise list all the 
permutations that constitute the group S3. What is the order of $3? Is S3 abelian? 
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Theorem 10.6. Let A be a set with n elements. Then S, is isomorphic to S,, and the 
order of S, is n!. 


It is in this way that we talk about “the” symmetric group on n letters. Further- 
more, S,, is our first example of a finite non-abelian group. How far from abelian is S,,, 
you ask? 


Exercise 10.7. Before attempting the next theorem, try the following exercise. For 
n > 3, prove that the permutation o € S,, given by o(1) = 2,0(2) = 1, ando(a) =a 
for alla € {3,...,m}, does not commute with any permutation t € S,, with t(b) = 1 for 
some b € {3,..., n}. 


Theorem 10.8. Let n > 3 be an integer. Then the center Z(S,,) of S,, is trivial. 


10.2 Dihedral groups 


While symmetric groups seem merely to look at all possible ways to permute the ele- 
ments of a set, if we restrict our attention to only some of those permutations, we might 
wind up with a subgroup of the symmetric group. A key such subgroup is motivated by 
geometry and the symmetric nature of regular polygons. Let’s review our high school 
geometry briefly. 

Let P, bea regular n-gon. Asymmetry of P, is any rigid motion of the plane (that is, a 
translation (shift), a rotation, a reflection (flip), or a glide reflection (a combination of a 
translation and a reflection)) that maps adjacent vertices of P, to adjacent vertices of P,. 
No nontrivial translation or glide reflection of a polygon will send vertices to vertices, 
so we only have rotations and reflections to consider. Looking at rotations, there are 
exactly n valid ways to rotate P,: we can rotate around the center of the polygon by 
2ak/n for k = 0,1,2,...,n—1. There are likewise exactly n valid axes across which we 
can reflect P,: axes that pass through the center of the polygon and through either a 
vertex and/or the midpoint of a side. Hence, there are a total of 2n distinct symmetries 
of P,, and we denote these 2n symmetries of P, by D,,. 


Figure 10.1. Rotation and reflection symmetries of 
a regular pentagon 


1s 


Figure 10.2. Rotation and reflection symmetries of 
a regular hexagon 
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Since rigid motions are bijections of the plane R?, we can ask some basic questions 
about their algebra. The following exercise should help develop your intuition about 
what’s going on. 


Exercise 10.9. Let’s make sure you've got a good grip on your geometry by exploring 
D3, the symmetries of a triangle, and D,, the symmetries of a square. 


(1) D; has six elements: the trivial rotation, two nontrivial rotations, and three reflec- 
tions. Find the orders of each of these six elements. Then show that if you take two 
different reflections in D3, their product (composition) is an element of D, with or- 
der 3. Is D; closed under composition? 


(2) D, has eight elements: the trivial rotation, three nontrivial rotations, and four re- 
flections. Find the orders of each of these eight elements. If you take two different 
reflections in D,, what are the various orders you can come up with for their prod- 
uct? Is D, closed under composition? 


Do you have a conjecture about the orders of rotations and reflections in D,,? What 
about a conjecture for the product of two reflections in D,,? Do you think that D,, is 
closed under composition? 


Although a symmetry of P, is a permutation of the plane, let’s find a way to view 
these symmetries as elements of S,,. After all, what we really care about is how the 
function maps vertices to vertices of P,. A classic way to describe elements of D,, is to 
label the vertices of P, with the numbers 1, 2,..., cyclically (that is, 1 is adjacent to 
2, etc., and n is adjacent to 1). When we do this, each symmetry of P, corresponds to 
a permutation in S, by identifying the symmetry with how it permutes the labels of 
the vertices of P,. In this way, we can now view D,, as a subset of S,. Does using this 
viewpoint, though, mean that D,, is a subgroup of S,;,? 


Figure 10.3. Labelling a pentagon —_— Figure 10.4. Labelling a hexagon 


Theorem 10.10. Let n > 3 be an integer. Then D,, is a subgroup of S,, of order 2n. 


Definition 10.11. The group D,, of symmetries of a regular n-gon is called the dihe- 
dral group of order 2n (or the n'® dihedral group). 


Aside. It should occur to you that ifn = 1 orn = 2, then D, hasn’t been defined. In this 
case, we think of FR and B notas polygons, but as points and arcs on acircle: B isa circle 
with a single point and a single circular arc and P, as a circle with two antipodal points 
and two arcs. We now have symmetries that we can identify for each figure. For BR, the 
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only rotation is the trivial rotation, but there is a nontrivial reflection across the axis 
through the center of the circle and the point on the circle. Thus, D, = Z,. Likewise, 
there are four symmetries of BR: two rotations (the trivial rotation and a rotation by 
7) and two reflections (a reflection across the axis containing the two antipodal points 
of the circle, and a reflection through the midpoints of the arcs of the circle). Each 
nontrivial element has order two, and thus D, = Z, x Z>. 


The structure of the dihedral groups is very interesting. 


Theorem 10.12. Let n > 3 be an integer. Then any reflection of P, is not in Z(D,). In 
particular, D,, is not abelian for all n > 3. 


Theorem 10.13. Let n be a positive integer. Then the subset of all rotations of P, is a 
cyclic subgroup of D,, of order n. 


Aside. It’s natural to ask what the center of a dihedral group is. It’s a bit too hard at 
this stage; we'll address that question in Chapter [II]. 


10.3 Cayley’s theorem 


What began as a simple example of permutations from geometry gave rise to an inter- 
esting concept: recognizing a given group as a subgroup of a symmetric group. Is that 
possible for all groups? Not only is it true, but the theorem that answers our question 
is a famous result in abstract algebra. 


Lemma 10.14. Let G be a group. For each g € G, define A, : G > G byA,(x) = gx, 
and let A = {A,|g € G}. Likewise, for each g € G, definep, : G > G by p(x) = xg, 
and let P = {p,|g € G}. Then both A and P are subgroups of Sg. 


Theorem 10.15 (Cayley’s Theorem). Let G be a group. Then G is isomorphic to a sub- 
group of Sg. In particular, every finite group of order n is isomorphic to a subgroup of 
Sy: 


Notice that what Cayley’s theorem says is that every group G, no matter how large, 
is a subgroup of the (rather large) symmetric group Sg. You might be able to find a sub- 
group isomorphic to G in a “smaller” symmetric group, and there might be multiple 
subgroups of Sg isomorphic to G. In fact, if you used the lemma in your proof of Cay- 
ley’s theorem, then you showed that there are, in fact, at least two ways to view G as a 
subgroup of Sc: as the subgroups A and P of Sg. 


Exercise 10.16. Let’s apply Cayley’s theorem to some known groups. For each small 
group G below, find a collection of permutations of the elements of G that correspond 
to A and to P as given by Cayley’s theorem. 
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Aside. The mathematical topic of finding subgroups of S,, isomorphic to a given group 
is an interesting area of research. For instance, there are no fewer than 60 distinct sub- 
groups of S, isomorphic to $3. It turns out that most of these subgroups are conjugate 
to each other, or for which there’s an automorphism of S, taking one such subgroup 
to another. 


Alternating groups 


11.1 Orbits and cycles 


Our ability to recognize the dihedral groups as subgroups of the symmetric groups sug- 
gests that we might be able to think of any permutation of a set A as “moving” the ele- 
ments of A around. Let’s see if we can develop this idea by considering what repeated 
application of an individual permutation in S,4 does to an element of the set A. 


Definition 11.1. Let A bea set, let a € A, and let o € S,. Then the orbit of a under 
a is the set {o”"(a)|n € Z}. 
Theorem 11.2. Let A bea set, and let c € Sy. Then the relation ~ on A defined by 
a ~ bifand only if b is in the orbit of a under o 
is an equivalence relation on A whose equivalence classes are the orbits of the elements of 


A under o. 


Definition 11.3. Let A be a set. A permutation of A is a cycle if and only if the per- 
mutation has at most one orbit with more than one element, and the length of a cycle 
is the number of elements in its largest orbit. A cycle of length one is the trivial cycle, 
and a cycle of length two is a transposition. We say two nontrivial cycles are disjoint 
if their largest orbits are disjoint. 


Exercise 11.4. List all the orbits of the given element of S,. Which are cycles? Which 
are transpositions? 


(1) FQ) =5, f(2) = 2, f(3) = 1, fA) = 6 fGS) = 3, f() = 4. 
(2) FQ) = 2, f(2) = 4, f3) =1L fA =5, fG) = 6 f = 3. 
(3) FQ) = 1, f2) = 5, f(3) = 3, fA) = 6 FS) = 2, f() = 4. 


(4) fQ) =4, f2) = 2, f3) =3, fH =LFG) =5,f©@ = 6. 
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(S) FQ) = 3, f(2) = 1, fG3) = 6 fA@ = 4, fG) = 5, f(© =2. 
(6) fQ) =1, f2) = 2, f3) =3,f4 =4,fG6) =5,f@ = 6. 


Exercise 11.5. List all the orbits of the given permutation. Which are cycles? Which 
are transpositions? 


Qf: ZZ f(x)=x41. 
(2) ff: ZZ f(ix)=-x. 
3) f:Z23Z f(x)=x(-1*. 


Wega Voeey | 
(5) f:ZxZ->ZxZ; f(x,y) =(,x). 


(6) f:ZxZ>ZxZ;, f(x, y=(%+H+y,y). 
Theorem 11.6. Let A bea set, and let o,t € Sy be disjoint cycles. Then ot = To. 


Theorem 11.7. Every permutation of a finite set is a product of disjoint cycles, and this 
product is unique up to the order of the cycles. 


Theorem 11.8. Let A bea set and leto € Sy. Ifa isa cycle of finite length, then the order 
of o is its length. If o is the product of disjoint cycles 01, 03,..., 0), of finite length, then the 
order of o is the least common multiple of the length of the cycles 0, 03,..., Op. 


We now introduce a powerful notational aid to writing permutations in S,, called 
cycle notation. To begin, choose any cycle o € S,, of length k > 1, and pick any 
element dg in its longest orbit. Then the other elements in its orbit are the elements 
@, =0(dp), A, =07(dg), ---, Ae_1 =9*"(ay), after which the cycle repeats: a, =o*(ag) = dp. 
A convenient way to think of this is that the cycle o moves a; to a;,,, repeating every k 
applications of o. Hence, we write those elements in that order as follows: we write 


o= (do; a, eeeg Ax_1) 
to mean that o(a;) = i+1for0 <i < k-—2and o(a,_,) = ao. If we then want to 
take the product of two cycles — that is, compose cycle o = (dp, @j,..., Ax_1) with cycle 
T = (bo, by, ..., bj_1) — then we simply write: 
OT = (Ap, Qy,.-., Ax_1)(bo, by,..., by_1). 


Pay very close attention to notation here. Since this is function composition, in 
order to determine where a product ot of cycles moves a given element x, you apply 
T to x first, and then apply o to t(x). That means when you use cycle notation, you 
apply the cycles from right to left, but the notation of individual cycle indicates the 
movement of its elements from left to right! Would an example help? 


Example 11.9. In Sg, let o = (5,4, 8, 6, 2,7) and let t = (1, 7, 2, 3, 6,4). Then 
ot = (5,4, 8, 6, 2, 7)(1, 7, 2, 3, 6,4). 
In this product, applying the cycles from right to left, we have the following: 
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1 first moves to 7 (by T), and then 7 moves to 5 (by o). Thus, ot moves 1 to 5. 
5 is not moved by t, and 5 moves to 4 (by o). Thus, ot moves 5 to 4. 

4 first moves to 1 (by T), and 1 is not moved by o. Thus, ot moves 4 to 1. 

2 first moves to 3 (by T), and 3 is not moved by o. Thus, ot moves 2 to 3. 

3 first moves to 6 (by T), and then 6 moves to 2 (by oc). Thus, ot moves 3 to 2. 
6 first moves to 4 (by tT), and then 4 moves to 8 (by co). Thus, ot moves 6 to 8. 
8 is not moved by tT, and 8 moves to 6 (by co). Thus, ot moves 8 to 6. 


7 first moves to 2 (by T), and 2 then moves to 7 (by co). Thus, a7 does not move 7. 


We can therefore write ot as a product of disjoint cycles: ot = (1,5, 4)(2, 3)(6, 8). 
Exercise 11.10. Your turn. Write each of the following as a product of disjoint cycles. 


(1) ©, 5,7, 2, 1)(5, 6, 3, 4) (3) (2,1, 5,4), 3), 2, 4, 5) 
(2) (6, 2, 1, 4)(2, 8, 4, 1, 3)(3, 1, 2, 6, 4, 8) (4) (1,2, 3,4, 5, 6)4 


Exercise 11.11. What is (ao, aj, ...,@%-1)~!? Prove your conclusion. 
Armed with this notation, the n! elements of S,, are now really easy to write down. 


Exercise 11.12. Using cycle notation, write down the 2 elements of S, and the 6 ele- 
ments of S3, and create the group table for each of them. In fact, go ahead and write 
down the 4! = 24 elements of S, along with its group table too. Can you identify 4 dif- 
ferent subgroups of S, that are isomorphic to $3? Theorem might help you with 
this. 


Exercise 11.13. We mentioned before that the natural way to view D,, as a subgroup 
of S,, is to label the vertices of an n-gon cyclically with the integers 1,2,...,n. Write a 
rotation by 27 and the reflection across the line through the vertex labeled n in cycle 
notation. (You’ll need cases for the reflection.) 


11.2 Transpositions and the parity of a permuta- 
tion 

While writing permutations as a product of disjoint cycles yields a nice uniqueness 

result, it is not always desirable (or computationally feasible) to express a permutation 

in such a way. In particular, writing a permutation using transpositions is frequently a 

useful technique, especially in computational subjects such as computer science. Let’s 

begin with a very simple theorem. 


Lemma 11.14. Forn > 1, the cycle (aj, a2,...,a,) can be written as 


(Qj, Az, ...,Ayn) = (Ay, An)(Qy, An_) ++ (Ay, G2) 
and as 
(a, Q2,--+5 an) = (a, az)(a2, a3) v5 (Qy-1; An). 
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Theorem 11.15. Every permutation of a finite set is a product of transpositions. 


Unfortunately, this theorem lacks a uniqueness result: there are many different 
ways to express a permutation in S,, as a product of transpositions. However, there is 
something that we can say about the number of transpositions it takes to do so. Work 
out the next example to provide the context for the next theorem. 


Exercise 11.16. Express the identity permutation as a product of transpositions in as 
many different ways as you can. Ensure that in at least one of your expressions, no 
transposition appears twice in the product 


Lemma 11.17. Leto € S,, bea cycle. If t € S, is a transposition, then the number of 
orbits of ot is either one more or one less than the number of orbits of o. 


Theorem 11.18. The identity permutation of S,, cannot be written as the product of an 
odd number of transpositions. 


Corollary 11.19. A permutation of a finite set cannot be written as a product of both an 
odd and an even number of transpositions. 


Definition 11.20. Let o € S,,. Then a is called an even permutation if and only if o 
can (and only) be written as a product of an even number of transpositions; a is called 
an odd permutation if and only if o can (and only) be written as a product of an odd 
number of transpositions. Furthermore, we say that o has even (odd) parity if and 
only if o is an even (odd) permutation. We denote the set of even permutation of S,, by 
A, and the set of odd permutations of S, by B,,. 


All that work to get an unexpected uniqueness result: the parity of a permutation 
is unique! 


Exercise 11.21. Write each permutation as a product of transpositions and classify 
each as either an even or odd permutation. 


(1) (1, 3,4, 7,2)(5, 6) 
(2) (1,2, 3,4, 5,6)4 
(3) (1, 2,3, 4)(2, 3,4, 5)(3, 4, 5, 1)(4, 5, 1, 2)(5, 1, 2, 3) 


(4) (1, 2, 3)(2, 3, 4)(3, 4, 5)(4, 5, 1)(5, 1, 2) 


11.3 The alternating group 


Associated to the parity of a permutation is the sign of a permutation, which we'll 
explore here. 


For more about this idea, read the article Keeler’s Theorem and Products of Distinct Transpositions by 
Ron Evans, Lihua Huang, and Tuan Nguyen in the February 2014 issue of The American Mathematical 
Monthly, vol. 121, no. 2, pp. 136-144. Or, if you’d rather, you can watch the episode “The Prisoner of Benda” 
of Futurama. 
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Theorem 11.22. Let n be a positive integer, and let U, be the group {—1, 1} under mul- 
tiplication. Then the function sgn : S, —> Uy, given by sgn(c) = | : 7 ee isa 
aI, a 


homomorphism with kernel Ay. 


Definition 11.23. Let o € S,. The sign of the permutation o is denoted sgn(c) and 
equals 1 if o is even and equals —1 if o is odd. 


So why should we care about the sign of a permutation? 
Corollary 11.24. A,, is a subgroup of S,. 
Definition 11.25. The subgroup A,, of S,, is called the alternating group on n letters. 


If we’ve gone to all this trouble to single out the even permutations, we might like 
to know how many of them there are. 


Lemma 11.26. Let n > 1 be an integer, and let t € S,, be any transposition. Then the 
function f : Ay, > B, given by f(c) = oT is a bijection. 
! 
Theorem 11.27. Let n > 1 be an integer. Then |A,,| = |B,| = . 
Corollary 11.28. Letn > 1 be an integer. Then A, <1 S,, and S,/A,, = Zp. 
Let’s keep investigating A, Do we have a way to describe permutations in the 
alternating group? 


Theorem 11.29. Every even permutation is a product of cycles of length three. 


Exercise 11.30. The alternating group A, has 12 elements. List all twelve elements 
as a product of disjoint cycles. You should find that three of them are a product of 
two disjoint transpositions. Write those three elements as a product of cycles of length 
three. 


There’s one last item of business that the alternating groups address. When we dis- 
cussed Lagrange’s theorem in Section 5.2, we remarked that the converse of Lagrange’s 
theorem is false. We now provide an example to demonstrate this fact. 


Example 11.31. We now show that Ay, which has 12 elements, does not have a sub- 
group of order 6. Suppose for contradiction that H < A, is a subgroup of order 6, so 
that |A, : H| = 2. That means that H < Ay, and thus A,/H is a group of order 2. 
Consequently, for any permutation o € Ag, the left coset cH has order 1 or 2 in A,y/H. 
Thus, oH = H, and thus o? € H. This means that the square of every element of A, 
is in our hypothetical subgroup H of order 6. But A, has 8 distinct cycles of length 3, 
each of whose squares is another cycle of length 3. Thus, H must contain all 8 cycles of 
length 3, which is more than the number of elements that H contains. Therefore, such 
a subgroup H < Ay, of order 6 cannot exist. 


11.4 Generating sets for symmetric groups 


Our work so far has indicated that S,, has at least two interesting generating sets: The 
set of cycles of S,,, and the set of transpositions of S,,. However, if n is very large, then 
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those generating sets are likewise large. Let’s try to find the smallest possible generating 
set for S,. 


Lemma 11.32. S,, is generated by the set {(1, 2), (2, 3),...,(m — 1,n), (n, 1)}. 


Lemma 11.33. Let n > 2 be an integer. Then for any integer 0 < m <n —1, we have 
(1,2,---,n)™(1, 2), 2,---,n)7-"™ =(1+m,2+m) 


and 
(1,2, -+-,n)71(1, 2)(1, 2,-+:,n) = (n, 1). 


Theorem 11.34. The group S,, is generated by the set {(1, 2), (1, 2,...,)}forn > 1. 


In other words, S,, is generated by the transposition (1, 2) and the cycle (1, 2,..., 7). 
That’s small! 


Exercise 11.35. There is an analogue for a small generating set for the alternating 
group A,. Mimic the above approach to find a generating set for A,,, for n > 2, that 
only requires two cycles. 


Finally, is there a “natural” generating set for the dihedral group D,,? 


Theorem 11.36. Let n > 2 be an integer. 
(1) Ifn is even, then D,, is generated by the set 

{(1,2,....),(n—- (Qn = 2)-- G a: ‘. +}. 
(2) Ifn is odd, then D,, is generated by the set 


{(, 2.0 n), n= Dn) 


not Eh. 


In other words, dihedral groups are generated by a reflection and a rotation by = 


Exercise 11.37. This is a pretty good time to address the center of D,,. Show that if nis 

odd, then Z(D,) is trivial, and if n is even, then Z(D,,) consists of the identity element 
n 

and the rotation (1, 2,...,n)?. 


11.4. Generating sets for symmetric groups 


D3o 


ti 


Figure 11.1. The Subgroup Lattice of D39. 
pe = rotation by = 
6; = reflection across axis through vertices i, i + 15; 
€; = reflection across axis through midpoint of edge with vertices i,i+ 1 
Legend: 
1 = the fifteen subgroups {1,6,,}forl1 <n < 15 
2 = the fifteen subgroups {1,¢,,}forl <n <15 
3 = the fifteen subgroups {t, ¢', 6,,€,47} for] <n <15 

4 = the five subgroups generated by the pair {o!°, 6, }forl<n<5 
5 = the three subgroups generated by the pair {p°, 5,,} forl <n <3 
6 = the three subgroups generated by the pair {p°,¢,,} forl <n <3 
7 = the five subgroups generated by the pair {p!°,¢,}forl <n <5 
8 = the three subgroups generated by the pair {o°, 6,,} forl <n <3 
9 = the five subgroups generated by the pair {o°,¢,}forl <n <5 
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11.5 The simplicity of A, 


When we discussed simple groups, we mentioned that there are groups that have proper 
nontrivial subgroups, none of which are normal (and thus, the group is simple). 
Abelian groups don’t work, so we have to look to nonabelian groups for our exam- 
ples. As it turns out, the alternating groups A, for n > 5 are simple. Here’s one way 
to prove that A; is simple, and while it’s not the only way, it makes good use of what 
you’ve learned about conjugates. 


Lemma 11.38. Leto € As. Then is either the trivial element, a cycle of length 3, a cycle 
of length 5, or a product of two disjoint transpositions. 


Lemma 11.39. Let o = (Q),Q,03,Q4,a5) © As be a cycle of length 5, and let 
p = (a1, 45)(a3, a4). Then pap! is a cycle of length 5, and (eap—')a is a cycle of length 
3. 


Lemma 11.40. Ifo € A; is a product of two disjoint transpositions, and if p € As isa 
product of two disjoint transpositions, then o and p are conjugate in As. 


Theorem 11.41. Any nontrivial normal subgroup of A; contains a cycle of length 3. 
Lemma 11.42. Any two cycles of length 3 in A; are conjugate in As. 
Theorem 11.43 (The Simplicity of A;). A; is a simple group. 


Exercise 11.44. Consider the permutation o = (1, 2,3)(2,3,4) € As. Let’s use this 
permutation to demonstrate how some of the above lemmata work. 


(1) Express o as a cycle of length 3, a cycle of length 5, or a product of two disjoint 
transpositions. 


(2) Next, show that p = (1, 2)(3, 5) is a conjugate of 0 in As. 
(3) Now show that t = ea is a cycle of length 3. 


(4) Finally, explicitly show that every cycle of length 3 is a conjugate of t in As. 


Exercise 11.45. This time, consider the permutation o = (1, 2, 3)(3,4,5) € As. 


(1) Express o as a cycle of length 3, a cycle of length 5, or a product of two disjoint 
transpositions. 


(2) Next, show that p = (1,4, 3, 5, 2) is a conjugate of a in As. 
(3) Now show that t = ea is a cycle of length 3. 


(4) Finally, explicitly show that t is conjugate to every cycle of length 3 in As. 
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Figure 11.2. The Subgroup Lattice of A; 
Legend: 
1 = the six subgroups generated by a cycle of length 5 
2 = the fifteen subgroups generated by a product of two of disjoint transpositions 
3 = the ten subgroups generated by a cycle of length 3 
4 = the six subgroups conjugate to ({(1, 2, 3, 4, 5), (1, 4)(2, 3)}). 
5 = the five subgroups conjugate to ({(1, 2)(3, 4), (1, 4)(2, 3)}). 
6 = the ten subgroups conjugate to ({(1, 2, 3), (2, 3)(4, 5)}). 
7 = the five subgroups conjugate to ({(1, 2, 3), (2, 3, 4)}). 


Part 3 


Ring theory 


Rings 


12.1 Basic properties of rings 


Believe it or not, even with all we’ve accomplished, we still haven’t developed a theory 
to solve equations as simple as 5x +1 = 0. That’s because the expression 5x +1 
isn’t just about multiplication or addition: it involves both operations. Group theory 
is all about the properties of sets with a single binary operation, so group theory won’t 
provide the means to solve this type of linear equation. That means we need to develop 
a new algebraic structure that comes with more than one operation. 


Definition 12.1. Let R be a set with two binary operations on R, called addition and 
denoted +, and multiplication and denoted -. Then (R, +, -) is a ring if and only if the 
following hold: 


(1) (R, +) is an abelian group. 
(2) (R,-) is an associative binary structure. 


(3) a-(b+c) = a-b+a-cand (b+c)-a = b-a+c-a for alla, b,c € R (the distributive 
laws). 


Before we proceed with examples, some observations about this definition are in 
order. First, we do just write ab to mean a-b as we did with groups under multiplication, 
and we simply say that R is a ring without explicitly mentioning the two operations. 
Second, notice that multiplication in a ring is very, very unstructured. Multiplication is 
only closed and associative: there need not be a multiplicative identity, and even if there 
is, there need not be any multiplicative inverses, and just like groups, multiplication 
need not be commutative. In particular, that means that we should not expect to be 
able to solve equations involving multiplication, since we need inverses to be able to 
“undo” an operation. Third, a ring’s additive structure is really, really nice: an abelian 
group! Addition commutes, and in fact we can now talk about subtraction in a ring by 
defining a— b = a+(—b). Because of that, we also introduce a notation for the additive 
identity element: we use the symbol 0 to denote the additive identity. 
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What’s most important, though, are the two distributive laws. Notice that without 
these laws, a ring would merely be one set with two unrelated binary operations, which 
wouldn’t provide anything useful. Consequently, the two distributive laws provide the 
only way to relate addition and multiplication. That means that any proof involving 
rings that doesn’t make explicit use of the distributive laws (or a theorem that relied 
on them) is almost certainly invalid. Without those distributive laws, you don’t have a 
ring. 

Now, because multiplication is the weaker of the two operations, the more mul- 
tiplicative structure we have, the stronger an object we have. There are a whole host 
of terms that accompany the improvement of multiplication in a ring, so be ready to 
know these distinctions. 


Definition 12.2. Let R be a ring. If its multiplication is commutative, then we say 
that R is a commutative ring. If (R, -) has an identity element that is not 0, then that 
multiplicative identity element is called the unity element for R, denoted 1, and we say 
that R is a ring with unity. Any element in a ring with unity that has a multiplicative 
inverse is called a unit of R. 


The reason for the emphasis on the unity element 1 being different that 0 is because 
the ring R = {0}, called the trivial (or zero) ring, would have a unity element equal to 
0. We want a ring with unity to have more than one element, so we insist that any ring 
with unity have more than one element. 


Example 12.3. Let’s look at some non-examples first. 


(1) Consider the positive integers Z* under the usual addition and multiplication. 
Multiplication is fine, as are the distributive laws, but Z* fails to be a group un- 
der addition. Hence, it’s not a ring. 


(2) Consider the pure imaginary numbers iR = {a + bi € C|a = 0} under the usual 
addition and multiplication. This time, the set under addition is an abelian group, 
and the distributive laws hold, but iR isn’t closed under multiplication. Hence, it 
too is not a ring. 


(3) Finally, consider the set of all functions on R with the usual addition, but where 
multiplication is function composition. It’s definitely an abelian group, the com- 
position of two such function is another function, and composition is associative. 
But it fails the distributive laws miserably: f(g(x) + h(x)) 4 f(g(x)) + f(ACx)) for 
nearly all functions. This mistake is commonly made by freshmen calculus (or pre- 
calculus) students when they make false claims such as sin(x+y) = sin(x)+sin(y) 


or x+y =Vx+y/J. 


Example 12.4. As we did with groups, let’s list the most common rings you'll need. 


(1) Z,Q,R, and C are all rings under the usual operations of addition and multiplica- 
tion. As before, we suppress the explicit mention of these operations and assume 
we use ordinary addition and multiplication when discussing these rings. Notice 
that all these rings are commutative and have unity. What elements of each ring 
are units? 
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(2) The set M,,(Z) of all n x n matrices with entries in Z (or in Q, R, C, etc.) is a ring 
under addition and matrix multiplication. This too is a ring with unity, but it’s 
highly noncommutative. The units of this ring are precisely the invertible matrices. 


(3) The set of functions from Z to Z (or Q, R, C, etc.) is a ring under function addition 
and multiplication. This is a commutative ring with unity (the unity function is 
the constant function f(x) = 1). What functions are units? 


(4) The product of two rings R,; xX R, is a ring where addition and multiplication is 
performed component-wise. If both rings are commutative, then so is the product 
ring; if both have unity, then so does the product ring; and units in the product ring 
are the ordered pairs where each component is a unit in their respective rings. 


(5) One of the most important rings to know well is the Z,, the ring of integers modulo 
n. The operations are what you’d predict: addition and multiplication modulo n. 
The only hard part is proving that multiplication is associative, and that the dis- 
tributive laws hold. However, both associativity and the distributive laws follow 
from Theorem [L.9, which you can verify on your own. This ring is commutative 
and has unity, but it’s unclear at this point what the units of Z, are. We'll return 
to this issue in a later chapter. 


Let’s turn to proving our first theorems about rings. 


Theorem 12.5. Let R bearing, and let a,b € R. 
(1) a0=0a=0. 

(2) a(—b) = (—a)b = —(ab). 

(3) (na)b = a(nb) = n(ab) for all n € Z. 


Corollary 12.6. Let R bea ring, and leta,b € R. 
(1) (-a)(—b) = ab. 

(2) IfR has unity, then (—1)a = —a. 

(3) If R has unity 1 $ 0, then 0 is never a unit. 


Please notice that this last fact shows a fundamental difference between rings and 
groups: in groups, the equation ax = b always had a solution; in rings with unity, the 
equation 0x = 1 never has a solution. Or, put differently, you still can’t divide by 0, 
even in rings! 


Theorem 12.7. If R is a ring with unity, then the set of all units of R forms a group under 
the operation induced by ring multiplication. 


Example 12.8. This seemingly innocuous theorem provides us with some really im- 
portant examples from group theory. Specifically, go back to our list of standard groups 
in Chapter}, and notice that several of them correspond to the following groups of units 
of our standard rings. 


(1) The group of units of Q, R, and C are the groups Q*, R*, and C*. 
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(2) The group of units of Z is the group U, = {+1} under multiplication. 
(3) The group of units of the matrix ring M,,(Z) is the group GL,,(Z) (or Q, R, C). 


Since not all rings are commutative, many of the facts to which you're likely ac- 
customed are not quite the same. The following technical theorem is designed to bring 
these differences to light. 


Theorem 12.9. Let R be a ring. 
(1) Leta,b € R. Then(a+ b)? = a* + 2ab + b? if and only if ab = ba. 


(2) ea aj) (ee bj) = 7 ye ajb; for all aj, bj ER. 


(3) If R is a commutative ring, then (a + b)” = ae (")a"~'b! for all integers n > 1, 
where a"b® = a” and a°b” = b”. 


In general, to compute (a, + a, + --- + a,)” in an arbitrary ring, list every possible 
ordering of products of n elements chosen from the set {a,,a2,...,a,} and add those 
k" elements up. The last part of Theorem is called the Binomial Theorem, and 
it simply provides a simpler result in the case where R is commutative. 

Finally, we can define subrings in the same way that we defined subgroups, with a 
similar condition on recognizing them, but without any special notation. But beware: 
your knowledge about subgroups might lead your intuition astray when it comes to 
subrings, as you’re about to discover. 


Definition 12.10. Let R be a ring and S a subset of R. Then S is a subring of R if and 
only if S is a ring under the two operations of addition and multiplication induced by 
those operations on R. 


Theorem 12.11. Let R be a ring and S a subset of R. Then S is a subring of R if and only 
if S is an additive subgroup of R and S is closed under multiplication. 


Example 12.12. There are far fewer subrings for you to know than there are for sub- 
groups. 


(1) For any nonnegative integer n, the set nZ is a subring of Z. When n ¥ 1, the ring 
does not have unity. 


(2) As with groups, Z is a subring of Q, which is a subring of R, which is a subring of 
C. 


(3) The Gaussian integers Z[i] is a subring of C. It has four units: +1 and +i. 


Exercise 12.13. Be careful not to assume that everything you know about subgroups 
is the same for subrings. Consider the ring R = Zx Zand the subset S = Z x {0}. Show 
that R has a unity element, that S is a subring of R, that the unity element of R is not in 
S, and that S is a subring with unity (in other words, show that S has a unity element 
different from the unity element of R)! 


The reason for this shocking exercise is to focus your attention on the nature of 
equations dealing with multiplication. Specifically, in a ring with unity, the equation 
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ax = ahasa solution x = 1, but it need not be the unique solution. This kind of 
example happens all the time in linear algebra: pick a noninvertible n x n matrix A, 
and you can always find multiple solutions to the equation AX = A. 


Example 12.14. Your instincts in solving equations like ax = a in rings will likely 
involve canceling the common factor of a on both sides. In group theory, that’s no 
problem, since every element has an inverse. But elements in rings routinely lack mul- 
tiplicative inverses, which means there is no general cancellation law. So, for instance: 


(1) In the ring Z,9, the equation 2x = 2 has two solutions: x = 1 and x = 6. 
(2) In the ring 2Z, the equation 2x = 2 has no solutions whatsoever. 
(3) In the ring Zg, the equation 4x = 4 has four solutions: x = 1, 3,5, and 7. 


1 1 Tl 
any 2 X 2 matrix whose column sums equal 1 will work. 


(4) In the ring M,(R), the equation ki ix = |; | has infinitely many solutions; 


So, when solving equations in rings, be very careful when dealing with multiplication. 
It is not a group operation! 


Let’s close this section with at least one fact that does have a parallel from group 
theory. 


Theorem 12.15. Let R bea ring and C be a nonempty collection of subrings of R. Then 


() Sisa subring of R. 
SEC 


Definition 12.16. Let R be a ring and A be any subset of R. Then the subring gen- 
erated by A is the intersection of all subrings of R containing A. We say that A is a 
generating set for a subring S if and only if the subring generated by A is the subring 
S. 


Theorem 12.17. Let R bea ring andr € R. Then the subring generated by r is the set 


{no + mr + nor? +--+ + ngr* | k,n; € Z,k > 0}. 


12.2 Homomorphisms 


Just as we did with groups, we need to develop a notion of maps between rings that 
preserve structure. Now that we have two operations to deal with, those maps need to 
preserve both structures. 


Definition 12.18. Let R and R’ be rings and ¢ : R —> R’ bea function. Then ¢ 
is a (ring) homomorphism if ¢(a + b) = ¢(a) + $(b) and ¢(ab) = ¢(a)¢g(b) for 
alla,b € R. Aring homomorphism ¢ is an isomorphism if and only if ¢ is also a 
bijection, and a ring automorphism is a ring isomorphism from a ring to itself. Two 
rings are isomorphic if and only if there is a ring isomorphism from one ring to the 
other. 
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Notice that since ring homomorphisms and isomorphisms are, in fact, group ho- 
momorphisms and group isomorphisms under addition, all of the results from group 
theory still apply to the additive structure of a ring. On the other hand, since the mul- 
tiplicative structure of a ring isn’t a group structure, we don’t get all of the nice multi- 
plicative properties we might hope for. However, if you have a ring isomorphism, then 
all of the algebraic properties like commutativity, unity, and inverses are preserved, 
as well as unity and inverses being mapped to unity and inverses. Yet even with ring 
homomorphisms, we do get a few nice properties similar to our results from groups. 


Theorem 12.19. Let¢ : R > R’ be aring homomorphism. 
(1) ¢(a") = ¢(a)" forallae Randne Zt. 


(2) If S is a subring of R, then (S) is a subring of R', and if S is commutative, then $(S) 
is also commutative. 


(3) If S’ isa subring of R', then $~\(S') is a subring of R. 


Definition 12.20. Let ¢ : R > R’ be a homomorphism, where R, R’ are rings. Then 
the subring ¢-1(0) = {r € R| f(r) = O} is called the kernel of ¢, denoted Ker(¢). 


Theorem 12.21. Let ¢ : R > R’ bearing homomorphism. Then ¢ is injective if and 
only if Ker(¢) = {0}. 


Exercise 12.22. Which, if any, of the following functions are ring homomorphisms? 
Of those that are (if any), what is the kernel of the homomorphism? Are any isomor- 
phisms? 

Q)¢:Z2-Z d(x) =2x. 

(2) ¢:Z2->2Z,; $(x) =h%, where 7, is the remainder of x when divided by 5. 


(3) 6: Zn > ZmXZni P(X) = (% Sy), Where 4, and s, are the remainders of x 
when divided by m and n, respectively. 


(4) $6: M,(IR) > R; (A) = det(A). 


There’s one last theorem to prove in this section. It’s not hard, but it’s easy to 
misapply this theorem. 


Theorem 12.23. Let ¢ : R — R' bea ring homomorphism. If R is a ring with unity 
element 1 and (1) 4 O, then $(1) is the unity element of the subring $(R) of R’. 


Note that it does not say that the unity element of R must be mapped to the unity 
element of R’ as it must for groups. It says that the image of the unity element must 
map to the unity element of the range of the homomorphism. In the event that ¢ is 
surjective, then unity gets mapped to unity. But in case you’re still not seeing the dif- 
ference, the following exercise should illuminate this issue. 


Exercise 12.24. Let : ZXZ > ZxZbe the function given by ¢(a, b) = (a, 0). Verify 
that ¢ is a ring homomorphism, and that 4(1,1) 4 (1,1), but that ¢(1, 1) is the unity 
element for the range of ¢. 


Exercise 12.25. Prove that there is exactly one ring automorphism of Z, and that nZ 
and mZ are never isomorphic as rings when n 4 +m. 
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12.3 Polynomials 


We close this chapter with an introduction to the main object of study in ring theory: 
polynomials. Students can easily give examples of polynomials: 3x? — x + 5, — x? -1, 
etc., but defining a polynomial precisely is harder. That’s what we intend to do, after 
which many familiar properties can be derived. 


Aside. We're about to use a new term here - a formal sum. In algebra, a formal sum is 
an object written using using the operation +, but without defining the set from which 
these objects come. The idea is that the objects written using addition will be used in 
the context of a ring, and that the ring operation will be compatible with how the sum 
of the objects are written. 


Definition 12.26. Let R be a ring and let x be a symbol, called an indeterminate. A 
polynomial in x over R is a formal sum 


fx) = Yay! 
i=0 


where a; € R, but only a finite number of the a; are nonzero. The a; € R are called 
the coefficients of f(x), and the individual symbols a,x! are called the terms of f(x). 
The term apx° is written dp and is called the constant term of f(x). If at least one 
coefficient of f(x) is nonzero, then the leading term of f(x) is the unique term a,x” 
of f(x) such that a, 4 0 but a; = 0 for alli > n, we call a, the leading coefficient of 
f(x), and we say that f(x) has degree n, written deg f(x). If all the coefficients of f(x) 
are zero, then we call f(x) the zero polynomial, and its degree is undefined. If R has 
unity, then any polynomial whose leading coefficient is 1 is called a monic polynomial. 
Finally, the set of all polynomials in x over R is denoted R[x]. 


Every definition above is identical to what you’ve already come to know about 
polynomials from high school. The only real difference is that the coefficients no 
longer need be numbers. What we need is the ability to add and multiply coefficients, 
which is what a ring allows us to do. The other important takeaway from this defini- 
tion is how a formal sum differentiates between two polynomials. Two polynomials 
fx) = ae a,x! and g(x) = 4 b,x! in R[x] are equal if and only if a; = b; for all 
i > 0. In other words, two polynomials are the same if and only if the coefficients of 
their corresponding terms are equal. And in case you. re feeling picky, we do typically 
omit terms of the form Ox!, and we do write 1x! = x!. Hence, for a polynomial f(x) of 
degree n, we often write f(x) = ag + ayxX +--+ +. a,x", where a, # 0, and if f(x) isa 
monic polynomial, then f(x) = dg +a,x+--- +x". 

What we now crave are the definitions of the operations of polynomial addition 
and multiplication. As you might expect, defining addition is easy, but multiplication 
is quite a bit messier. As obscuring as the following theorem is, it simply provides the 
usual means to multiply polynomials by the distributive laws, but keeping the order of 
the coefficients preserved. 


Theorem 12.27. Let R bearing. Then givenany f(x) = ye 9 Ux ‘andg(x) = pee b;x! 
in R[x], the set R[x] is a ring under the following two binary operations: 


(1) fx) + g(x) = Yin o(ai + bx". 


(2) f@x)g(x) = OX, cix! where ¢; = yc ajbj_; = dob; + aybj_, +++ + abo. 
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Definition 12.28. Let R be a ring. Then the polynomial ring in x over R is the set 
R[x] with addition and multiplication given above. 


It’s worth pointing out that although polynomials are defined as formal sums of 
terms of the form a,x", we do still want to use subtraction as a reasonable way to write 
polynomials. To do this, we'll write terms of the form —a;x! to indicate (—a;)x!. In that 
way, we can use our familiar notions of both addition and subtraction for manipulating 
polynomials. In particular, the additive inverse of the polynomial f(x) = >},_, ajx' is 
the polynomial —f(x) = } 


i=0 


ee. i 
i-o ~ix - 


Exercise 12.29. The only “new” idea here is that the coefficients in a polynomial can 
come from any ring. Addition is rarely the issue, so let’s practice some multiplication. 
Perform the indicated product in the given polynomial ring. 


(1) (3x? + 2x — 1)(4x? + 2) in Z,[x]. 
(2) (2x +1)? in Z,[x]. 
(3) (x +2) in Z.[x]. 


(> S)=+[2 (2. tee[> 2) emeooe, 
© (2 i=+{o SIC a} +[2, 4]) eeoes. 


(6) (y+ Dx? + (*)x — 2)((2y)x* + 1) in (Qly) [1]. 


Exercise 12.30. The polynomial in the last exercise is an element in (Q[y])[x]. Assum- 
ing that the indeterminants x and y commute, rewrite the polynomial as an element 


in (Q[x)[yI. 
Let’s try out some basic properties of polynomials and polynomial rings. 


Theorem 12.31. Let R be a ring and f(x), g(x) € R[x] be nonzero polynomials. 
(1) If R is commutative, then R[x] is commutative. 

(2) If R is a subring of R’, then R[x] is a subring of R' [x]. 

(3) If f(x) = g(x) #0, then deg(f(x) + g(x)) < max{deg f(x), deg g(x)}. 

(4) If f(x)g(x) # 0, then deg(f(x)g(x)) < deg(f(x)) + deg(g(x)). 


Corollary 12.32. Let R be a ring with unity and f(x), g(x) € R[x] be nonzero polyno- 
mials. If the leading coefficient of f(x) or g(x) is a unit, then 


deg (f(x)g(x)) = deg(f(x)) + deg (g(x). 


Theorem 12.33. Let R be a ring. Then the map.i : R > R[x] given by U(r) = ris an 
injective ring homomorphism. 


Definition 12.34. Let R be a ring. A polynomial f(x) € R[x] is called a constant 
polynomial if and only if f(x) is either the zero polynomial or has degree 0. 
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Thus, the theorem tells us that the set of all constant polynomials is a subring of 
R[x] isomorphic to R. Hence, we will abuse terminology and simply say that R C R[x] 
in this natural way. 

Our final introductory theorem is a tedious but important result from high school: 
long division of polynomials. 


Theorem 12.35. Let R be a ring with unity, and let f(x), g(x) € R[x] be polynomi- 
als, where the leading coefficient of g(x) is a unit. Then there exist unique polynomials 
q(x), r(x) € R[x] such that 


F(x) = gx)a(x) + r(x), 
where either r(x) = 0 or deg r(x) < deg g(x). 


Exercise 12.36. Yep — it’s time to make sure you know your long division. Find the 
quotient q(x) and remainder r(x) when the polynomial f(x) is divided by g(x). Pay 
close attention to the particular polynomial ring! 


(1) f(x) = 3x3 +x? -—-x+3; g(x) =x? —2inZ[x]. 

(2) f(x) = 3x3 4+x7-x+3; g(x) =x?-2inZ.[x]. 

(3) f(x) = 42° — 4x4 — 5x3 — 2; g(x) = 2x? +x —1in O[x]. 
(4) f(x) = 42° — 4x4 —5x3 — 2; g(x) = 2x2 +x —1in Z,[x]. 
(5) f(x) =—3x4+2i; g(x) =ix? + 3x+2+ iin (Z[i))[x]. 


(6) f(x) =x"-1; g(x) = x—1in R[x] for any ring R with unity and any positive 
integer n. 


Commutative rings 


13.1 Integral domains 


We saw in Chapter [12 that the equation 0x = 1 never has a solution, which led to 
some seriously troubling examples. In general, the simple equation ax = b need not 
have solutions, which we know from elementary school: you can’t solve 2x = 1 in the 
integers. Multiplication is becoming a real problem. 

Let’s look at an equation that always has a solution in every ring: the homoge- 
neous equation ax = O. This equation always has at least one solution, x = O. But 
will that be the only solution? If a = 0, then obviously not, since all elements of the ring 
will satisfy the equation. On the other hand, what if a 4 0? Can there be a nontrivial 
solution to ax = 0 when a 4 0? 


Exercise 13.1. Find two nonzero 2 x 2 matrices whose product is the zero matrix. In 
other words, show that you can find a nonzero solution to the homogeneous matrix 
equation AX = O where A is a nonzero matrix. 


Rings with these kinds of elements really hamper our ability to solve equations 
uniquely. It’s not the fact that matrix rings are not commutative, either: it’s the way 
that nonzero elements can multiply to give the zero element. Let’s just focus on com- 
mutative rings for the moment and deal with these kinds of elements. 


Definition 13.2. Let R be a commutative ring and let a € R,a # 0. We say ais a zero 
divisor or a divisor of zero if and only if there exists a nonzero element b € R such 
that ab = 0. 


Zero divisors are the problem elements in a commutative ring. Just to practice, 
work the following exercise. 


Exercise 13.3. Let R be a commutative ring anda € R. Let S = {r € R|ar = O}, 
called the annihilator of a. Show that S is a subring of R, and that if a # 0, then no 
element in the annihilator of a is a unit (assuming R has unity). Conclude that if ais a 
zero divisor of R, then a can never be a unit of R. 
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Aside. Students too often fail to remember that a zero divisor is a nonzero element of 
a ring. For instance, many students claim that an element a in a ring is a zero divisor 
because they were able to find a corresponding element b such that ab = 0. That would 
prove that a is a zero divisor, if they also proved that both a # 0 and b 0. Nonzero is 
the operative word in this definition! 


Example 13.4. Let’s see which elements in our most common commutative rings are 
zero divisors. 


(1) In our standard rings Z, Q, R, and C, there are no zero divisors, since the only way 
for ab = 0 is for either a = 0 or b = 0, and you need them both to be nonzero for a 
and b to be a zero divisor. 


(2) In the matrix ring M,,(C), the zero divisors are precisely those nonzero matrices 
with determinant 0. The first exercise in this section is a good example of this in 
the 2 x 2 case, but it’s true in general: if det(A) = 0, then there is a nonzero matrix 
B such that AB = 0. 


(3) In the ring Z,,, ifn = ab where 1 < a,b < n, then a and b are zero divisors. What’s 
not clear is if there are any others. You'll have to wait for the next section to address 
that issue. 


(4) Finally, even though Z has no zero divisors, Z x Z does: the elements (1,0) and 
(0, 1) are clearly not zero, but (1, 0) - (0, 1) = (0, 0). 


Exercise 13.5. Let R be the ring of functions from R to R under function addition and 
multiplication. Which elements of R are zero divisors? 


If we can avoid rings with zero divisors, what improvements do we acquire as a 
result? 


Theorem 13.6 (The Ring Cancellation Law). Let R be a commutative ring and let 
a,b,c € Rsuch that ab = ac. If a # 0 and is not a zero divisor, then b = c. 


Please note what this theorem says as well as what it does not say. You can cancel 
a common factor from both sides of an equation as long as the factor is not zero (you 
still can’t cancel zero) and is not a zero divisor. But it also does not say that the factor 
you're canceling is a unit. For instance, in the ring Z, if you know that 2x = 2y, then 
we can conclude that x = y, but 2 certainly doesn’t have a multiplicative inverse in 
Z. And, no, you can’t say you “divide” both sides of the equation by a. Division is an 
operation, and we’re not applying an operation - we’re canceling the factor a from both 
sides of the equation. You’ve been warned! 

With that in mind, we now define a type of ring that lacks these annoying zero 
divisors. 


Definition 13.7. Let R be a ring. Then R is an integral domain if and only if R is a 
commutative ring with unity 1 4 0 with no zero divisors. A subring S of an integral 
domain R is a subdomain of R if and only if S is an integral domain. 


The reason for this term is that the ring of integers provides the model for this type 
of structure. Even so, constructing integral domains isn’t always easy. 
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Exercise 13.8. Prove that the direct product of two integral domains is never an inte- 
gral domain. 


While the integers form an integral domain, it still has lots and lots of nonunits. 
What if we went one step further and required all nonzero elements of a ring to be 
units? 


Definition 13.9. Let F be a commutative ring with unity. Then F is a field if and only 
if every nonzero element of F is a unit. 


Theorem 13.10. Every field is an integral domain, and every finite integral domain is a 
field. 


Exercise 13.11. This important exercise will require you to come up with a list of 
examples that identify different types of rings. Provide an example of each type of ring 
listed. 


(1) A field. 

(2) An integral domain that is not a field. 

(3) A commutative ring with unity that is not an integral domain. 

(4) A commutative ring without zero divisors that is not an integral domain. 
(5) A noncommutative ring with unity. 


(6) A noncommutative ring without unity. 


Aside. There’s one glaring omission in the above list, namely an example of a noncom- 
mutative ring with unity but without zero divisors. The best known and most easily 
understood example is called the quaternions, which was discovered and developed in 
the early 19" century. Instead of analyzing the original construction, let’s use the fol- 
lowing matrix ring, which is isomorphic to the quaternions. Verify that the following 
set is a noncommutative ring with unity but has no zero divisors (in fact, show that 
each nonzero element is a unit!). 


We a+bi c+di 
~ |[-ce+di a-—bi 


abeder} 


13.2 The Ring Z,, 


Of particular interest is the ring of integers modulo n. This isn’t just a nice way to 
practice our application of the terms; this ring is one of the most important in ring and 
field theory. 


Theorem 13.12. Let n > 1 be an integer and a be a nonzero element of Z,. Ifa andn 
are relatively prime, then a is a unit. If a and n are not relatively prime, then a is a zero 
divisor. 


Theorem 13.13. Letn > 1 be an integer. Ifn is prime, then Z,, is a field; if n is not prime, 
then Z,, is not an integral domain. 
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Exercise 13.14. Classify each nonzero element in the following rings as either a zero 
divisor or a unit. Ifan element a isa zero divisor, find a corresponding nonzero element 
b such that ab = 0. If an element is a unit, find its multiplicative inverse. 


(1) Z; (2) Z4 (3) Ze (4) Z, (5) Zo (6) Zio 


When we develop this ring further, we are actually studying a very classic subject, 
typically called number theory, which is what ancient Greek mathematicians such as 
Diophantus and Euclid wrote about. The amount of material of elementary number 
theory is quite vast, so we'll include a only a few of the results here. 


Theorem 13.15. Letn > 1 be an integer and leta,b € Z,. Then the equation ax = bhas 
a solution if and only if the greatest common divisor of a and n divides b. Furthermore, 
if d is the greatest common divisor of a and n and d is a divisor of b, then the equation 
ax = b has exactly d solutions. 


Corollary 13.16. If p is prime, then the equation ax = b has a unique solution in Z, if 
and only if a # 0. 


Theorem 13.17 (Fermat’s Little Theorem). Let p be a prime and a be a nonzero element 
in Z,. Then aP-! = 1. 


Theorem 13.18 (Euler’s Theorem). Let n > 1 be an integeranda € Z,. Ifaandn 
are relatively prime, then a? = 1, where $(n) is the number of elements in Z,, that are 
relatively prime to n. 


13.3 Polynomials over integral domains 


We now return to our analysis of polynomials. Specifically, we want to define “plugging 
in” a value to a polynomial, but since these aren’t functions, we again must be precise 
in our meaning. 


Theorem 13.19. Let D and D’ be integral domains with D a subdomain of D’, and let 
a € D’. Then the function ¢, : D[x] > D’ given by 


bal f(x)) = dg tayatana? +--+ aa” 


where f(x) = paab 5 a,x! is a polynomial of degree at most n, is a homomorphism. 


This theorem is the key reason we demanded that a polynomial only have finitely 
many nonzero coefficients: we can’t add an infinite number of elements in a ring! This 
homomorphism is so central to the theory of polynomials that we give it a special name. 


Definition 13.20. Let D and D’ be integral domains with D a subdomain of D’. Then 
for any a € D’, the homomorphism ¢, : D[x] > D’ given above is called the evalu- 
ation homomorphism at a, and the image ¢,(f(x)) of a polynomial f(x) € D[x] is 
denoted f(q). 


Next, let’s turn to a “favorite” subject from high school algebra: factoring polyno- 
mials. In high school, most students learn that there’s essentially only one way to factor 
a polynomial. We need to dispel that myth forthwith. 
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Exercise 13.21. Consider the polynomial p(x) = x? + 3x +2 € Z,[x]. Use long 
division to divide p(x) first by x — 1, and then by x — 4. Use your result to factor p(x) 
in two different ways. 


This disturbing exercise shows how dangerous unexamined assumptions are. On 
the other hand, the cause of this lack of unique factorization might be that Z, isn’t an 
integral domain. We'll return to this topic when we discuss polynomials over a field. 
For now, though, let’s get some terminology for factoring polynomials. 


Definition 13.22. Let D bean integral domain and f(x), g(x) € D[x]. We say that g(x) 
divides f(x) and that g(x) is a divisor or factor of f(x) if and only if f(x) = g(x)h(x) 
for some h(x) € D[x]. If g(x) divides f(x), we also say that f(x) is a multiple of g(x). 


Practice these ideas on the following theorem. 


Theorem 13.23 (The Remainder Theorem). Let D be an integral domain and 
f() € D[x]. Then for anya € D there exists a unique q(x) € D[x] such that 


F(X) = x)(x — a) + f(a). 


Great! But let’s think for a moment: we’re trying to solve an equation like f(x) = 0, 
even if our solution isn’t in our original ring. In other words, can we find both a ring 
D' and an element a € D'’ such that f(a) = 0? It’s pretty clear that what we’re looking 
for is some a € D’ such that f(x) is in the kernel of the corresponding evaluation 
homomorphism. 


Definition 13.24. Let D and D’ be integral domains with D a subdomain of D’. We 
say an element a € D’ is a zero or a root of the polynomial f(x) € D[x] if and only if 
f(x) is in the kernel of the evaluation homomorphism at a. 


This definition tells us that the kernel of the evaluation homomorphism ¢, is sim- 
ply all polynomials in D[x] that have a as a zero. 


Theorem 13.25 (The Factor Theorem). Let D be an integral domain and let 
f(x) € D[x]. Then a € Disa zero of f(x) if and only if there exists a polynomial 
q(x) € D[x] such that f(x) = q(x)(x — a). 


The following is a major result in the analysis of polynomials. 


Theorem 13.26. Let D be an integral domain, and let f(x) € D|x] have degree n. Then 
f(x) has at most n zeros in D. 


We can also investigate the nature of the polynomial ring D[x] over an integral 
domain D. 


Theorem 13.27. Let D be an integral domain. Then D[x] is an integral domain, and 
deg(f(x)g(x)) = deg(f(x)) + deg (g(x)) for all nonzero f(x), g(x) € D[x]. 


Corollary 13.28. If D is an integral domain, then the units of D[x] are the units of D. 


This corollary tells us, in particular, that polynomials of degree 1 or more over an 
integral domain are not units. 


Fields 


14.1 The field of quotients 


Let’s play for a moment with a mathematical thought experiment. Imagine that the 
only numbers that you believe exist are the integers. That’s all - no fractions, no square 
roots, etc. You would know in your heart that the equation 2x — 1 = 0 can’t be solved, 
since there are no integers that satisfy that equation. But suppose you wanted to create 
an entirely new set of numbers that expand your integers to include solutions to this 
equation. Your task would be not only to create the objects and define appropriate rules 
for addition and multiplication, but you’d also have to convince your friends and peers 
that this is a meaningful activity. The math is the easy part; enduring the scorn and 
ridicule of society is the hard part. 

History demonstrates that this is precisely what has happened. The Greeks be- 
lieved that numbers were rational; they also knew the Pythagorean Theorem and knew 
that a solution to the equation x? = 2 had to exist, despite no rational number satis- 
fying it. The development of complex numbers was slow in developing because it was 
“known” that there are no numbers that satisfy x? + 1 = 0; the drive to want (or need) 
to solve this and other polynomial equations is what has led us to the rich world of 
numbers in which we find ourselves today. 

In our case, we begin with an integral domain. The hurdle to overcome here is 
finding a way to solve the equation ax +b = 0. Amoment’s reflection indicates that we 
need a to have a multiplicative inverse, so we should try to expand our integral domain 
enough to become a field. Since the model for an integral domain are the integers, and 
the rational numbers are the easiest way to expand the integers to a field, we'll model 
our approach on that relationship by building fractions. 


Theorem 14.1. Let D be an integral domain, and let D* be the set of nonzero elements 
of D. Then the relation ~ on D x D* given by 


(a, b) ~ (c,d) ifand only if ad = bc 
is an equivalence relation. 
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We denote the equivalence class of (a, b) by a/b. These equivalence classes will be 
the objects that will form our field, inside which we'll recognize a copy of the original 
integral domain D. In particular, when you see the symbol a/b, we will assume that 
this is an equivalence class of the relation defined above on the set D x D*. 


Theorem 14.2. Let D be an integral domain and F = {a/b| a,b € D, b # 0}. Then: 


(1) a/b + c/d = (ad + bc)/(bd) and a/b - c/d = (ac)/(bd) are well-defined binary oper- 
ations on F. 


(2) Under these two operations, F is a field. 
(3) The subset {a/1|a € D} C F is isomorphic to D. 


(4) a/b = (a/1) (b/1) 


The last two facts of this theorem are the defining characteristics of this field. First, 
although F doesn’t contain D itself, it does contain an exact copy of D as fractions of 
the form a/1. Hence, for a nonzero element b € D, we do write b~! to indicate the 
element (b/ ‘tyr € F. Second, every element of F is the product of an element of D and 
the inverse of an element of D, namely a/b = ab~. We'll use these two properties to 
define this particular kind of field. 


Definition 14.3. Let D be an integral domain and let F be any field containing D. A 
quotient of elements of D is an element of the form ab~!, where a,b € D. We say F 
is a field of quotients for D if and only if every element of F is a quotient of elements 
of D. 


Notice the care in terminology in this definition. R is not a field of quotients for Z 
since y 2 is not the quotient of two integers, but Q is a field of quotients of Z. But are 
there any others? 


Theorem 14.4. Let D be an integral domain and F = {a/b|a,b € D,b # O}. If F’ is 
any field also containing D, then the function ¢ : F — F' given by ¢(a/b) = ab! isa 
well-defined, injective homomorphism; if F' is also a field of quotients of D, then ¢ is an 
isomorphism. 


This means that not only is the field of quotients unique, it’s the smallest field 
containing D, and every field that contains D has to contain this field. What does that 
tell us if our integral domain D is already a field? 


Corollary 14.5. If F isa field, then F is isomorphic to its field of quotients. 


Thus, you can’t make a field bigger by forming quotients. However, we know that 
Cis a “bigger” field that contains R, which means we’ll have to find a different way to 
construct bigger fields other than forming quotients. 


Exercise 14.6. Describe (justify, but a full proof isn’t necessary) the field of quotients 
of the following integral domains. 


(1) D = Z[i] (3) D={a+by2|a,beEZ} 
(2) D=Z, (4) D= Q[x] 
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14.2 The characteristic of a ring 


Although fields are a special case of integral domains, the ability to find multiplicative 
inverses of nonzero elements allows for some really nice algebraic computations. Fur- 
thermore, we’ve got some fairly good examples of infinite fields: Q,R, and C are all 
well-understood examples of fields. On the other hand, we’ve only got one tangible ex- 
ample of a finite field so far: Z, when p is prime. Let’s see if we can understand what’s 
going on. 


Definition 14.7. Let R be ring. If there exists a positive integer n such that nr = 0 for 
all r € R, then the least such positive integer is the characteristic of the ring. If no 
such integer exists, then we say that R has characteristic 0. 


We'll be most interested in this idea of the characteristic of a ring when the ring 
has a unity element, so let’s quickly get a result in that case. 


Theorem 14.8. Let R be a ring with unity and let n be a positive integer. Then R has 
characteristic n if and only if n is the smallest positive integer such that nl = 0, and R 
has characteristic 0 if and only if n1 4 0 for all positive integers n. 


Theorem 14.9. Let R and R’ be rings with unity. If R has characteristic n > 0 and R' 
has characteristic m > 0, then the characteristic of R x R’ is the least common multiple of 
nand ; if either R or R' has characteristic 0, then R x R' has characteristic 0. 


Exercise 14.10. Again, don’t let simple intuition guide you down the wrong path. Ver- 
ify that Z x Z, has characteristic 0, but there are some elements r in the ring such that 
2r = 0. 


Exercise 14.11. Find the characteristic of the following rings with unity. 


(1) R=Z (4) R=ZxZj5 
(2) R=Z,xZ, (5) R=Z,xXZeXxZo 
(3) R=Z,xZy (6) R= R[x] 


Since integral domains are our key example of a ring with unity, let’s see what the 
characteristic of an integral domain can be. 


Theorem 14.12. If D is an integral domain, then its characteristic is either prime or 0. 


Theorem 14.13. Let D be an integral domain and let D' = {n1|n € Z}. 


(1) IfD has characteristic 0, then the map ¢ : Z > D' given by ¢(n) = n1 is an isomor- 
phism; 


(2) If D has characteristic p > 0, then the map ¢ : Z, — D’ given by $(n) = n1is an 
isomorphism. 


This may not seem like a deep result, but its interpretation is. This theorem says 
that every intergral domain contains either a copy of the integers or a copy of the inte- 
gers modulo p. Let’s use this theorem to prove the big result for fields. 
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Corollary 14.14. Every field of characteristic 0 contains a field isomorphic to Q, and 
every field of characteristic p > 0 contains a field isomorphic to Z,. 


That’s a really big deal. It means that there are only two types of fields out there: 
those that are built from Q, and those that are built from Z, for some prime p. 


Definition 14.15. The fields Q and Z, for pa prime are called the prime fields. 


Exercise 14.16. Just to be complete, prove that an integral domain cannot contain a 
copy of (that is, a subdomain isomorphic to) both the integers and the integers modulo 


D. 


14.3 Polynomials over a field 


As we did with integral domains, we need to address the special case of polynomials 
with coefficients over a field. Since fields themselves are integral domains, we still have 
the evaluation homomorphisms, the remainder theorem, and the factor theorem avail- 
able to us. However, in Exercise we also saw that factorization of polynomials 
need not be unique. That should be our first priority. 


Definition 14.17. Let F bea field and f(x) € F[x] bea nonconstant polynomial. Then 
f(x) is irreducible over F if and only if f(x) is not the product of two polynomials in 
F[x] of smaller degree. Likewise, f(x) is reducible over F if and only if f(x) is the 
product of two polynomials in F[x] of smaller degree. 


Notice that we were careful to include the field F in this definition. The field from 
whence the polynomial comes is highly relevant: x? — 2 is irreducible over Q, but it is 
reducible over R, since x? — 2 = (x + V2)(x = V2). In fact, let’s develop this example 
a bit more. 


Theorem 14.18. Let F be a field and let f(x) € F[x] be a polynomial of degree 2 or 3. 
Then f(x) is reducible over F if and only if f(x) has a zero in F. 


Exercise 14.19. Many students erroneously think that if a polynomial in F[x] lacks a 
zero in F, then the polynomial is irreducible. Show this is false by verifying that the 
polynomial x+ + 1 € R[x] has no zero in R but is reducible in R[x]. 


We'd now like to affirm that there’s only one way to factor a polynomial, and if 
you're lucky enough to be working with polynomials over a field, then it’s true. How- 
ever, the proof of this can take a while, and there are more important results for you to 
work on. Hence, we'll state the following theorem and accept it without proving it. 


Theorem 14.20. Let F be a field. Then every polynomial can be written as a product of 
irreducible polynomials. Furthermore, the polynomials in this product are unique up to 
the order of the polynomials and multiplication by units. 


In other words, if you have one irreducible factor of your polynomial, then you'll 
find that factor, possibly multiplied by a unit, in any factorization into irreducible poly- 
nomials. In some sense, then, irreducible polynomials in F[x] play the role that prime 
numbers do in the integers. As an example, prove the following result about how to 
factor the polynomial x? + a? ina field of characteristic p (such as in Z,). 
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Theorem 14.21 (Freshman Exponentiation). Let F be a field of characteristic p > 0. 
Then xP + aP =(x+ a)? foralla € F. 


Exercise 14.22. Since we're looking at fields of characteristic p, let’s practice factoring 
polynomials in Z,[x]. Express each polynomial as a product of irreducibles in the given 
polynomial ring. 


(1) x7 + 2x +2 €Z,[x]. 
(2) x3 + 3x?+2x+1€Z.[x]. 
(3) x +x3 + 2x? +2 € Z,[x]. 


(4) x7+5€Z,[x]. (Hint: Fermat’s Little Theorem might prove useful.) 


Exercise 14.23. There are exactly eight polynomials of degree three in Z,|x]. Identify 
those that are irreducible; for those that are not, factor them as a product of irreducible 
polynomials. In a similar vein, there are exactly eighteen monic polynomials of degree 
three with nonzero constant term in Z3[x]. Identify those that are irreducible; for those 
that are not, factor them as a product of irreducible polynomials. 


Let’s now prove some results specific to “high school” polynomials. 


Theorem 14.24. Let p(x), q(x) € Q[x]. If p(x)q(x) is a polynomial with integer coeffi- 
cients, then there exists polynomials f(x), g(x) € Q[x] with integer coefficients and ratio- 
nal numbers a, b such that f(x) = a- p(x), g(x) = b- q(x), and p(x)q(x) = f(x)g(x). 


In other words, if you can factor a polynomial with integer coefficients, you can 
factor it into a product of polynomials that also have integer coefficients - you can 
avoid general rational coefficients. This is what you study in high school - polynomials 
with integer coefficients, and why factoring always gives you polynomials with integer 
coefficients. 


Theorem 14.25 (The Rational Root Test). Let p(x) € Q[x] be a nonzero polynomial 
with integer coefficients and nonzero constant term. Then any rational zero of p(x) must 
be of the form + “, where r is a divisor of the constant term and s is a divisor of the leading 
coefficient. 


Corollary 14.26. The only rational zeros of monic polynomials with integer coefficients 
are integers. 


Exercise 14.27. Factor each polynomial in Q[x] as a product of irreducibles. 


(1) p(x) = x3 + 7x? + 10x — 6 (3) r(x) = x3 — 3x -6 


(2) q(x) = 3x3 —x* + 6x —2 (4) s(x) = 10x* + x3 + 8x7 +x-2 


Quotient rings 


15.1 Ideals 


To begin this section, let’s go back to our basic question we’re trying to answer: does 
every polynomial f(x) have a zero? We should now realize that the question is vague: 
where does the zero lie? Our task is to construct a field in such a way that the polyno- 
mial does have a zero in that field. The key construction uses the idea of cosets once 
again. 

Let’s start with an arbitrary ring R. Since R is not a group under multiplication, the 
only cosets available for us to use are the additive cosets. Furthermore, since R is an 
abelian group under addition, every additive subgroup of R is normal in R, so addition 
of additive cosets of any subring of R is automatically well-defined. But what about 
multiplication? 

As expected, that’s where we run into problems. Let’s begin with a subring I of R. 
Since (a + 1) + (b+ I) = (a +b) + [is the natural way to add cosets, it makes sense 
that we would want to define (a + I)(b+ I) = (ab) + I. Will this coset multiplication 
be well-defined? 


Theorem 15.1. Let R be a ring and I a subring of R. The binary operation given by 
(a+1)(b+ ID) = (ab) +I is well-defined on R/I if and only if aI c Iand Ib C I forall 
a,beER. 


Definition 15.2. Let R be a ring and I a subring of R. A subring I C R is called an 
ideal of R if and only if al C Iand Ib CI foralla,b eR. 


Exercise 15.3. Determine if the following subsets I are ideals of the given ring R. 
QQ) R=Z I=nZ 

(2) R=ZxXZ I={(u,n)|neEZ} 

(3) R=Zig; I = {0,3,6,9,12, 15} 


(4) R= M,(2); r={[? | Jabez! 
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As it turns out, ideals behave very nicely when it comes to addition. The next little 
theorem is very nice for constructing new ideals. 


Theorem 15.4. Let R bea ring and I, N ideals of R. ThenI+N={itnl|ielneN} 
is an ideal of R containing both I and N. 


Where normal subgroups provided the necessary structure to form quotient 
groups, ideals provide the necessary structure to form quotient rings, as we now demon- 
strate. 


Theorem 15.5. Let R bea ring and I an ideal of R. Then R/Tisa ring under coset addition 
and multiplication. 


Definition 15.6. Let R be a ring and J an ideal of R. Then the ring R/I under coset 
addition and multiplication is called the quotient ring of R by I. 


At this point nearly every theorem proved about normal subgroups and quotient 
groups has a parallel theorem concerning ideals and quotient rings. None of these 
theorems should be surprising. 


Theorem 15.7. Let ¢ : R > R’ bearing homomorphism. If I is an ideal of R, then $1) 
is an ideal of $(R), and if I’ is an ideal of ¢(R), then #—!(1') is an ideal of R. 


Theorem 15.8. Let R be a ring and I an ideal of R. Then the function ¢ : R > R/T given 
by ¢(r) =r +I is a ring homomorphism with Ker(¢) = I. 


That says that there’s a natural correspondence between ideals and quotient rings. 
And yes, just as before, we get a list of isomorphims theorems. We’ll just list the first 
of them for our use. 


Theorem 15.9 (The First Isomorphism Theorem for Rings). Let ¢ : R > R’ bearing 
homomorphism with kernel I. Then the function ¢ : R/I > $(R) given by (r+ D = g(r) 
is a well-defined isomorphism. 


Corollary 15.10. Let¢ : R > R’ be asurjective ring homomorphism with kernel I. Then 
R' is isomorphic to R/T. 


Theorem 15.11. Letn € Z. Then Z/nZ = Zy. 


Exercise 15.12. The following were theorems for groups; they’re left as exercises for 
rings. 


(1) Let R be aring. Then R/R = {0} and R/{0} = R. 
(2) Let R and R’ be rings. Then R x R’/R x {0} = R’. 


15.2 Ideals in commutative rings 


It’s clear that every ring has two ideals: the trivial subring and the improper subring. 
On the other hand, must a ring have ideals other than just those two? Let’s begin 
creating ideals by trying to mimic the idea behind a cyclic subgroup. 
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Theorem 15.13. Let R be a commutative ring with unity and let a € R. Then the set 
{ra|r € R} is an ideal of R containing a. 


Definition 15.14. Let R be a commutative ring with unity and let a € R. Then the 
ideal {ra|r € R} is called the principal ideal generated by a and is denoted (a), and 
any ideal I for which I = (a) for some a € R is called a principal ideal. 


Exercise 15.15. For each evaluation homomorphism, show that its kernel is the prin- 
cipal ideal indicated. 


(D) $y: Ox] +R; Ker($ yz) = (x? —2). 

(2) $y: Qlx] +R; Ker(py5) = (x? — 2). 

(3) $; : Q[x] > C; Ker($;) = (x? +1). 

(4) Pox: Q[x] > C; Ker($ 2x) = (x? +x +1). 


Yes, the notation for principal ideals is the same as that for a subgroup generated 
by a, but that’s because we really are trying to create the smallest ideal containing a. 
Notice, for instance, that (0) = {0} and (1) = R. Of course, not all ideals of a ring are 
principal ideals. In fact, will any given ring R necessarily have any ideals other than 
{0} or R? 


Theorem 15.16. Let R be a ring with unity and let I be an ideal of R. If I contains a unit 
of R, then I = R. 


And there’s our first issue. If we want to find interesting ideals of a ring, we can’t 
allow any units to appear in the ideal. What happens, then, if every nonzero element 
of our ring is a unit? 


Corollary 15.17. Fields have no nontrivial proper ideals. 


This kind of ring seems oddly similar to groups that lack proper nontrivial normal 
subgroups. 


Definition 15.18. A ring R is simple if and only if G has no nontrival proper ideals. 


Using this terminology, all fields are simple. Furthermore, if we want to create 
a nontrivial ideal of a ring, we must avoid including units in our ideal. On the other 
hand, if we’re actively trying to create fields, maybe we should be looking for ideals 
whose quotient ring is simple. Would that work? 


Theorem 15.19. Let R be a commutative ring with unity and I # Ra proper ideal 
of R. Then R/T is a field if and only if there does not exist an ideal N of R such that 
LEN ER: 


Definition 15.20. Let R be a ring and let J be an ideal of R. Then J is called a maxi- 
mal ideal of R if and only if I # R and there does not exist an ideal N of R such that 
IGNGR. 
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Corollary 15.21. Every simple commutative ring with unity is a field. 


Exercise 15.22. Recall that the ideals nZ are the only ideals of Z. Which of those ideals 
of Z are maximal? For those that are not, explain how to find a proper ideal of Z that 
contains it. 


Fine. We should be looking for maximal ideals in commutative rings. And since 
we're on the subject, we should probably see if we can construct integral domains this 
way as well. 


Theorem 15.23. Let R be a commutative ring with unity and I # R a proper ideal of R. 
Then R/T is an integral domain if and only if whenever ab € I, thena € I orb € I forall 
a,beER. 


Definition 15.24. Let R be a commutative ring and let I be an ideal of R. Then IJ is 
called a prime ideal of R if and only if I # R and whenever ab € I, thena €lIorbel 
for alla,b € R. 


Cool. Whenever R is a commutative ring with unity, its maximal ideals form fields 
from quotient rings and its prime ideals form integral domains from quotient rings. 


Exercise 15.25. Use the above two theorems to find three ideals of Z x Z: one that is 
maximal, one that is prime but not maximal, and one that is not prime. 


15.3 Ideals in polynomial rings 


We've finally arrived at the moment at which we’ve been working hard to arrive. Our 
task is to take a polynomial and identify a field in which the polynomial has a zero. It 
has everything to do with quotient rings of polynomial rings over fields, so we'll begin 
there. 


Theorem 15.26. If F is a field, then every ideal of F[x] is a principal ideal. 


Theorem 15.27. Let F bea field and f(x) € F[x] be an irreducible polynomial. Then 
(f(x)) is a maximal ideal. 


Theorem 15.28. Let F be a field and f(x) € F[x] be an irreducible polynomial. Then 
the subset {r + (f(x)) |r € F} C F[x]/(f(x)) is a subfield of F[x]/(f(x)) isomorphic to 
F. 


Hence, we now can rightfully consider F as a subfield of F[x] / (f(x)) in this way. 
Now for the grand finale. 


Theorem 15.29. Let F be a field and let f(x) € F[x] be an irreducible polynomial. Then 
the coset a = x + (f(x)) is a zero of f(x). 


Take a moment to think about the impact of this theorem. We can take an irre- 
ducible polynomial and construct a new field whose objects are cosets; this field is 
guaranteed to contain a zero of our irreducible polynomial. It’s akin to constructing 
square roots or complex numbers for the first time. The objects look strange, but they 
behave in really nice ways. The next exercises give you practice with this. 
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Exercise 15.30. Let’s practice with a well-known irreducible polynomial: 
(x* — 2) € Q[x]. We “know” what its zeros are: +2. Prove that the subfield 
Q(V2) = {a + bY2| a,b € Q} C R is isomorphic to O[x]/ (x* — 2) by showing that 
the evaluation homomorphism ¢ 2° Q[x] - a(V2) is surjective, computing its ker- 
nel, and then using the First Ismorphism Theorem. 


Exercise 15.31. Construct the complex numbers by using another well-known irre- 
ducible polynomial: (x? + 1) € R[x]. Repeat the steps used above, but this time, use 
the evaluation homomorphism ¢; : R[x] > C. 


Exercise 15.32. Finally, it’s important to work out at least one example with fields of 
characteristic p > 0. This time, consider the polynomial p(x) = x” + 1 € Z,[x]. 
(1) First, verify that p(x) is irreducible over Z3. 


(2) Second, if we calli one of the zeros of p(x), verify that 2i is its other zero. Further- 
more, verify that p(x) = x? — 2, and if we call V2 one of its zeros, then 2/2 is its 
other zero. Conclude that i = /2. 


(3) Third, let F = {a+ bi|a,b € Z3} = {a+ bV2 |a,b € Zz}. You may assume that F 
is a field, so instead, count the number of elements in F. 


(4) Finally, show that the evaluation homomorphism ¢; : Z3[x] > F is surjective, 
compute its kernel, and then use the First ISomorphism Theorem. 


Congratulations: you’ve just constructed a field with nine elements! 


Part 4 


Linear algebra 


Vector spaces 


16.1 Basic properties of vector spaces 


Up to this point in abstract algebra, we’ve focused on two fundamental algebraic struc- 
tures: groups and rings. Let’s go back and recall how we approached the study of these 
structures: begin with a single set, define one or two operations on those sets, and 
impose properties on those operations. Furthermore, the closure property for each 
structure is somewhat fundamental. After all, if you didn’t get an element back in the 
space after performing an operation, what exactly would you be studying? 

Let’s look at a quirk about how we understand abelian groups. Early on, we said 
that if (G, +) is an abelian group and g € G, then we would write the repeated addition 
of g to itself n times as ng. Although this is merely notation, this sure looks a lot like a 
“multiplication” of g with n, despite there only being one operation and that the integer 
n is almost certainly not an element in our group G. On the other hand, we do know 
quite a bit about rings, and the integers do form a ring. Are we somehow combining a 
group with a ring in a really unexpected way? 

This observation brings us to our third and final algebraic structure in this book. 
What we wish to do is generalize the above observation, get some properties listed, 
and see where this takes us. As is turns out, it leads us to familiar territory from linear 
algebra. 


Definition 16.1. Let F be a field. A vector space over F is an abelian group (V, +) 
along with an operation called scalar multiplication of F on V (that is, a function 
from F x V to V) such that this operation satisfies the distributive, associative, and 
identity laws; that is, we for allr,s € F and v, w & V, we have: 


(1) rv+w)=rv+rw 
(2) (r+s)v=rvt+sv 
(3) (rs)v = r(sv) 
(4) lv=v 
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An element in a vector space V is called a vector, and an element in the field F is called 
a scalar. 


Aside. There is a more general algebraic structure called a module defined by using a 
ring R in place of the field F in the above definition. Since rings need not be commu- 
tative or have identity elements, the above definition needs to be slightly modified to 
accommodate these possibilities. That said, it’s better to study vector spaces in their 
own right to begin with, and then think of a module as a more general version of a 
vector space, rather than think of a vector space as a special case of a module. 


There’s a convention that is used for notating the objects in vector spaces. If V is 
a vector space over a field F, then vectors are written in bold, while scalars are written 
in italics. We'll adopt that convention in this book (as we did in the above definition). 
Finally, we often suppress the naming of the field when defining a vector space, and 
we simply say that V is a vector space without mentioning that it’s a vector space over 
the field F. 


Example 16.2. A first important example is the ring of polynomials F[x] over a field 
F. There’s a natural way to make F[x] into a vector space over F: ifr € F and p € F[x], 
define rp by multiplying each coefficient in p by r. It’s not hard (but it is tedious) to see 
that this makes F[x] into a vector space over F. 


Example 16.3. Our second important example is the direct product of F with itself 
n times, written F” = F Xx Fx--- x F. This is also a natural vector space over F by 
defining the product r(n,...,%) = (rn,.-.,’%™). Again, you can tediously verify that 
the distributive, associative, and identity laws hold. You’ve studied a single special case 
of this vector space in linear algebra: the vector space R”. 


Example 16.4. Our third important example is the group of all functions from R toR 
under function addition. It’s a vector space over R in the normal way: for anyr € R 
and any function f : R > R, define rf by (rf)(x) = rf(x). Again, it’s a tedious chore to 
verify the distributive, associative, and identity laws. 


Example 16.5. Our last example is perhaps the most important. As we saw in Section 
every field F contains either a copy of Q (in the case when F has characteristic 
0) or a copy of Z, (in the case where F has prime characteristic p). We can therefore 
consider F as a vector space over its corresponding prime field. So, for instance, the 


field Q(y2) ={a+t by2| a,b € Q} is a vector space over Q. 
Exercise 16.6. Determine which, if any, of the following are vector spaces over the 
given field F. 


(1) F=R,_ Vis the set of all sequences of elements of R. Addition of sequences and 
scalar multiplication is defined term-by-term. 


(2) F=Z,, V =2Z,, and scalar multiplication is defined by On = 0 and 1n = n for 
alln € Z,. 


(3) F=C, V = {a+ bi € Cl|ab = 0}, and addition and scalar multiplication is 
defined by complex addition and multiplication. 
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(4) F = Q, Vis the set of all rational numbers with odd denominator in lowest 
terms. Addition and scalar multiplication is the usual addition and multiplication 
of rational numbers. 


Let’s start with some warm-up theorems, similar in character to those proved about 
groups and rings. Be careful to notice the difference between vectors and scalars! 


Theorem 16.7. Let V be a vector space over F. If 0 is the additive identity for V, then 
r0 = Oand Ov = 0 forall scalarsr € F and vectors v € V. 


Theorem 16.8. Let V be a vector space over F. Then forallr € F,v € V, andn € Z, 
we have —(rv) = (—r)v = r(—v) and n(rv) = (nr)v = r(nv). 


Theorem 16.9. Let V and W be vector spaces over F. Then the set V x W is a vector space 
over F under addition and scalar multiplication defined component-wise. 


Definition 16.10. Let V and W be vector spaces over F. Then the direct product of V 
with W is the vector space Vx W over F whose operations are defined component-wise. 


Naturally, this definition can be extended to the product of a finite number of vector 
spaces over the same field F. In particular, if V is a vector space, then the product of V 
with itself n times is written V”. 

Next, just as we did with groups and rings, we should specify what a “sub-vector- 
space” should be. 


Definition 16.11. Let V be a vector space. A subset W C V is a subspace of V if and 
only if W is a vector space under the operations induced by the operations on V. 


Theorem 16.12. Let V be a vector space. Then W C V is a subspace of V if and only if 
W is a subgroup of V and W is closed under scalar multiplication. 


Exercise 16.13. Determine if the subset W of the given vector space V over R is a 
subspace of V. 


(1) V=R?; W = {(a,b) | ab > 0}. 


(2) V=R?; W ={(a,b,c)|a+b+c=0}. 


(3) V = R[x]; W = {p(x) € V| deg p(x) < 4}. 
(4) V={f:R-R}W ={f EV |f is increasing }. 


Exercise 16.14. Prove that if P and Q are both subspaces of a vector space V, then so 
isPNQ. 


The following object will be of use to you occasionally. 


Theorem 16.15. Let P and Q be subspaces of a vector space V. Then the set 


P+Q=(ptq|pEePqeQ} 
is a subspace of V. 
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Definition 16.16. Let P and Q be subspaces of a vector space V. Then the sum of P 
and Q is the subspace P + Q = {p+ q|p € P,q € Q}. 


Obviously, this definition can be extended to the sum of any finite number of sub- 
spaces. Also note that P + P = P, and that P and Q are both subspaces of P + Q. 


Exercise 16.17. Let V = R?, and let P = {(a,a)|a € R},Q = {(-a,a)|a € R}. 
Compute P + Q. 


16.2 Linear combinations and span 


Let’s return to group theory for a moment. We know how to generate a subgroup from 
a subset of elements from the group: you compute all possible products of elements 
and their inverses of the subset. Since a vector space is an abelian group, it seems 
reasonable to expect something similar should occur, but using sums of elements in- 
stead. However, we can anticipate the need to address scalar multiplication into this 
construction, so let’s work on that first. 


Definition 16.18. Let V be a vector space and A C V be any nonempty subset of V. A 
linear combination of elements of A is any finite sum of the form na, + --- + rpax 
withr; € F,a; EA. 


Aside. Although it seems obvious, a linear combination is a finite sum of vectors. 
There’s just no such thing as an “infinite sum,” which is why objects like power se- 
ries in Calculus take such care to analyze. However, if you take a vector space and 
create a way to measure lengths of vectors and distance between vectors, then you can 
mimic a calculus approach to infinite sums. Such vectors spaces with this ability to 
measure length and distance is called a Banach space and is a central object in analysis 
and especially in functional analysis. 


Theorem 16.19. Let V be a vector space and A C V be any nonempty subset of V. Then 
the set of all linear combinations of elements of A is a subspace of V containing A. 


Definition 16.20. Let V be a vector space and A C V be any nonempty subset of 
V. The subspace of all linear combinations of elements of A is called the subspace 
spanned by A or the span of A and is denoted Span(A). If W is a subspace of V such 
that W = Span(A) for some subset A C W, then we say that A is a spanning set for 
W and that A spans W. 


Exercise 16.21. For each vector space V and subset A C V, compute Span(A). 
(1) V =R?,A = {(, -1)}. 

(2) V = R*,A = {(1, 1), A, —1), (2, 3)}. 

(3) V = R*,A = {(1, 1,0), (1, —1, 0), (0, 0, 2)}. 

(4) V=R?,A = {(1,1, 2), (1, —1, —2), (0, 0, 1)}. 

(5) V=Rix],A={1,1+x,1+x4+x7,1+x4+x7+%3,...}. 

(6) V=R[x],A = {1, x2, x*,...}. 
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Theorem 16.22. Let V bea vector space and A C V be any nonempty subset of V. If W 
is any subspace containing A, then Span(A) Cc W. 


All this is saying is that if we take any subset A C V, then we can form the subspace 
spanned by A by taking all possible linear combinations of elements of A, and this 
subspace S pan(A) is the “smallest” subspace containing A. 


Theorem 16.23. Let V be a vector space and A C V be any nonempty subset of V. If B 
is a subset of V such that A C B C Span(A), then Span(A) = Span(B). 


Corollary 16.24. Let V be a vector space and B C V bea subset with more than one 
vector. If A = B — {v} for some vector v € B, then Span(A) = Span(B) if and only if v is 
a linear combination of the elements of A. 


Exercise 16.25. For each vectors space V and subset A C V, find a subset B C A with 
as few elements as possible but whose span is the same as the span of A. 


(1) V = R?,A = {(1, 1), CA, —1), (2, 3}. 

(2) V = R3,A = {(1, 1,0), (0, —2, —2), (3, 0, —3), (4, 8, 4}. 
(3) V=R{[x],A = {1, x, 1 + 2x, 1 + 2x + 3x7}. 

(4) V = R[x], A = {1,x,(1 + x)?,1 + x?, 2x + x7}. 


16.3 Linear independence and bases 


Theorem and its corollary tell us that we can remove “redundant” elements of 
our spanning set and not change its span. Conversely, any vector in a set that is not a 
linear combination of the others cannot be removed without changing the span of that 
set. In a sense, if a vector is somehow “independent” of the other vectors in a set, it’s 
an essential component of the span of that set, while a vector that can be written as a 
linear combination of the others can be thought of as being “dependent” on the others 
and hence unnecessary. 

In order to develop this idea precisely, we must turn our attention briefly to a tech- 
nique used to identify objects in a set: indexing. This idea of identifying objects in a set 
by using subscripts as the identifier - what we call an index - seems easy enough. In- 
deed, until now, the set from which these indices come has (almost) always been the 
integers. We’re all used to naming elements x,,..., x, from some set A, or a sequence 
of numbers dg, a;,... aS an “infinite list” of numbers. 

But what if the integers aren’t adequate or convenient to use as an indexing set to 
“list” our chosen elements? For instance, if we want to talk about all functions of the 
form f(x) = x +r for some real number r € R, then it makes sense to define f, as the 
function given by f,(x) = x +r. The indices need not be integers — real numbers work 
better in this case. 

That’s where we find ourselves here. What we need to do is take vectors indexed 
by some nonempty set I, and ask if those vectors are independent or dependent, using 
our intuition from the above. Let’s see how this works. 


Definition 16.26. Let V be a vector space and v; be vectors in V, with indices i € I 
for some nonempty set J. Then the vectors are linearly dependent if there exists a 
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sequence of k vectors Vijseees Vigo with indices i,,...,i, € I, and a sequence of scalars 
1... © F, not all zero, such that vj, + --- +7,Vj, = 0. Conversely, the vectors 
are linearly independent if whenever rjv;, + --- + ,Vj;, = 0, for any sequence of 
vectors Vj,,-.-5Vi,s with indices i,,...,i, € I, and scalars 7, ...,7;, © F, then the scalars 
r...,%~ € F, are all zero. The vectors v; are a basis for V if and only if they are linearly 
independent and the set {v;};-; spans V. 


This precision underlying this definition is necessary for what follows in linear 
algebra. If you compare this definition to a standard definition from linear algebra, 
you'll likely find that they discuss a linearly independent or linearly dependent set of 
vectors. We cannot accept this term any longer, for the following reason. Consider the 
set A = {1,2} and the set B = {1, 1, 2}. We know from set theory that A and B are equal, 
since they have the same members. On the other hand, students who are unfamiliar 
with this idea naturally see A and B as different, precisely because they see the number 
1 repeated twice. For such students, the set A has two different objects, while set B 
has three objects, one of which is repeated. We therefore cannot talk about sets being 
linearly independent or dependent. Instead, we must talk about elements indexed by 
a set I. For instance, if we notate the elements of A by x, = 1, xz = 2, indexed by the 
set I = {1,2}, while we notate the elements of B by y; = 1,y, = 1,y3 = 2, indexed 
by the set I = {1, 2, 3}, we consider them as different indexed sets. We even go further 
by saying that indexing the elements of B by z,; = 1,Z, = 2,z3 = 1 is different from 
y, = 1,y2 = 1, y3 = 2, because the elements of B corresponding to the same index are 
not all the same. Keep this in mind as we proceed. 


Theorem 16.27. Let V bea vector space and let v,,...,V, be vectorsin V withn > 1 and 
Vv, #0. Thenvj,..., Vy, are linearly dependent if and only if there exists some j = 2,...,n 
such that vj isa linear combination of the vectors Vv}, ... ,Vj-1- 


Yes, this theorem is nearly identical to Corollary |16.24 but it’s good practice using 
indices. The next theorem is more general. 


Theorem 16.28. If V is a vector space and v;,, i € I are linearly independent vectors in 
V, then v;, j € J are linearly independent vectors for any subset J C I. 


Compare this theorem to Theorem One way to view Theorem is that 
if you take an indexed set A and make it larger by putting in linear combinations of 
elements of A, you won’t change its span, but you will create linearly dependent vec- 
tors when you do that. On the other hand, this theorem says that if you have linearly 
independent vectors, and you take away some of those vectors, you won’t change their 
linear independence. However, according to Corollary removing vectors from a 
linearly independent set will change its span. Hence, the best of both worlds should 
occur when we have a set that spans V but whose elements are linearly independent, 
so we can’t make it larger or smaller. That’s what a basis is! Let’s play around with this 
for a bit. 


Theorem 16.29. Let V be a vector space with a basis v;, i € I. Then 0  v; for alli € I, 
and if v; = v; for some i, j € I, theni = j. 


In other words, a basis for a vector space can’t have the zero element, and all the 
vectors v;,i € I must be distinct. Let’s move on to something more substantial. 
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Theorem 16.30. Letv;, i € I be vectors in a vector space V. Then v;, i € I is a basis for 
V if and only if for every nonzero vector v € V, there exist unique indices i,,...,i, € I 
and nonzero scalars rj € F such that v = Vj, + ++: +1KVi,- 


Corollary 16.31. Let v,,...,V, be a finite set of vectors in a vector space V. Then 
V1,---, Vx is a basis for V if and only if for each vector v € V, there exists unique scalars 
Y,..., 1%, Such that V = Vy +-+° HEV 


Ah, the uniqueness of representation theorem! This gives us a nice way to under- 
stand bases, so let’s see how this is used. 


Exercise 16.32. Verify each subset A C V of a vector space V is a basis for V. Then 
express the given vector b as a linear combination of the basis elements. 

(1) V=R?,A = {(4, 1), 0, —D}, b = (2, 3). 

(2) V = R’,A = {(1, 1), (2, 3)}, b = (1, -1). 

(3) V = R’,A = {(1, 1,0), (1, —1, 0), (0, 0, 2)}, b = (2, 3, 4). 

(4) V = R3,A = {(1, 1,2), (1, -1, —2), (0, 0, 1}, b = (2, 3, 4). 

(5) V = {p(x) € R[x] | deg p(x) < 3},A = {1,14+x,14+x4+x?,14+x+2x7+23}, b = 1423. 
(6) V = {p(x) € R[x] | deg p(x) < 3},A = {1, 14x, 14+x?, 14x37}, b = 142x4+3x7+4x3. 


From here on, we’ll only mention the indexing set I for an indexed set of vectors 
when necessary. This rarely causes any confusion when proving theorems. 


16.4 The dimension of a vector space 


In Section our main theorems dealt with identifying bases. Unfortunately, at no 
point have we ever discussed the existence of a basis for a vector space, nor have we 
analyzed how many vectors it takes to create a basis. Let’s begin with a nice existence 
theorem. 


Theorem 16.33. Let V be a nontrivial vector space. If a finite subset A C V spans V, 
then A contains a basis for V. 


Easy enough. Every vector space that is spanned by a finite number of vectors has 
a basis. Furthermore, while it’s natural to seek to address the infinite spanning set case, 
we'll restrict our attention to those vector spaces with a finite spanning set. That just 
means we need to know how to create bases. 


Exercise 16.34. To motivate the next lemma and theorems, try the following. The set 
A = {(1, 2, 3), (0, -1, 4), (2, 5, 2), (—1, 0, 1), (0, 3,0)} spans V = R?3, but it’s not a basis. 
Find a subset of A that is a basis for V. Is it the only one? How many subsets of A are 
a basis for V? 


We now come to a crucial result dealing with the construction of bases of vector 
spaces spanned by a finite set. The following lemma is the vehicle that you'll use to 
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prove the key theorem which follows. While it’s seemingly technical, it’s really a re- 
placement lemma: if you pick a nonzero vector b in a subspace, and you’ve already got 
a basis A for that subspace, then you can use your nonzero vector b as part of a basis by 
discarding something from A and replacing it with b. Before you prove the next results, 
try the following motivating exercises. It may help you see what’s really going on. 


Exercise 16.35. A basis A for a subspace W of R” is given, along with a vector b in W. 
Identify which elements of A can be replaced with b and still be a basis for W. 


(1) V = R3,A = {(1, 1,0), (1, 2, 3)}, b = (1, 0, —3). 
(2) V = R3,A = {(1, 2, 3), (2, —4, 2)}, b = (—3, 6, —3). 


(3) V = R4,A = {((1,1,1,0), (1, L,0, 1), (1,0, 1, D}.b = (0,0, 1, —1). 


(4) V=RY+,A = {(4,4, 4, 4), (3, 3, 3, 0), (2, 2, 0, 0)}, b = (0,0, 1, —1). 


Exercise 16.36. The standard basis for R* is the set 
A = {(1,0, 0,0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)}. 


In each exercise, a set B of linearly independent vectors is given. Identify a subset S C A 
so that S U Bis a basis for R*. Is there more than one such subset of A? 


(1) B = {G,1, 0,0), (0,0, 1, 1)} 

(2) B= {(1,1, 1,1), (1, 1, 1,0), (1, 1,0, 0)} 

(3) B= {(-1, 0, 0, 0)} 

(4) B= {(1,1, 1,0), (1, 1,0, 1), 0, 0,1, D} 

Lemma 16.37. Let V be a nontrivial vector space and let W C V be a subspace with a 


finite basis A = {a,,...,a,,}. Suppose that b € W, where b = ra, +--+ + Map. Ifr; #0, 
then: 


(1) the vectors in the set B = {a,,..., aj_1, b, aj41,-.., an} are linearly independent; and 
(2) Bspans W. 


In other words, B is a basis for W. 


Theorem 16.38. Let V be a vector space with a finite basis A of n > 1 vectors, and let 
B Cc V bea finite set of k < n linearly independent vectors. Then there exists a subset 
S cA of exactly n — k vectors such that S U B is a basis for V. 


Think about what you’ve accomplished in these two results. If you have a basis for 
a subspace and a vector in its span, you can always find a basis that includes that vector. 
Furthermore, if you want a specific set of linearly independent vectors to be part of a 
basis for V, then you can fill out a basis for V starting from that linearly independent 
set. That gives you a huge amount of control in constructing bases! 


Theorem 16.39. Let V be a vector space with a finite basis of n vectors. Then every basis 
for V has exactly n vectors. 
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Definition 16.40. Let V be a vector space. If V has a finite basis, then we say that the 
dimension of V, written dim V, is the number of vectors in a basis for V. If V is the 
trivial vector space, we say the dimension of V is zero, and when either V has a finite 
basis or is the trivial vector space, we say that V is finite dimensional. If V is not finite 
dimensional, then we say that V is infinite dimensional and that the dimension of 
V is infinite. 


It is hard to understate the ramifications of this theorem. Every vector space 
spanned by a finite set has a finite basis, and every basis has the same number of vec- 
tors in it. Hence, to compute the dimension of a finite dimensional vector space, just 
find a basis for it! 

Exercise 16.41. Find the dimension of each vector space V by exhibiting a basis for V. 
Q) V=R". 

(2) V = Py, where P,, = {p(x) € R[x] | deg p(x) < n}. 

(3) V={at b¥2|a,b € Qh. 

(4) V ={a+bV¥2+cV34+dy6|a,b,c,d € Qh. 


The following corollaries are immediate from the above theorems. 


Corollary 16.42. If V is a finite dimensional vector space, then any set of linearly inde- 
pendent vectors is contained in some basis for V. 


Corollary 16.43. If V is a finite dimensional vector space with dim V = n, then any set 
of linearly independent vectors has at most n elements, and any spanning set of V has at 
least n elements. 


Corollary 16.44. If V is a finite dimensional vector space with dim V = n, then any 
linearly independent set of n vectors is a basis for V, and any spanning set of n vectors is 
a basis for V. 


Corollary 16.45. If V is a finite dimensional vector spaceand W C V isa subspace, then 
W is finite dimensional with dim W < dim V. 


Exercise 16.46. To illustrate the above corollaries, answer the following. 

(1) The vectors a = (1, 2,3) and b = (—3, —2, —1) are linearly independent in R?. Find 
a basis for R* containing a and b. 

(2) Do the vectors u = (1, 2, 3), v = (3, 1,2), and w = (2, 3, 1) form a basis for R?? 

(3) Do the vectors p(x) = (1 + x), q(x) = (1+ x)*, r(x) = (1+ x)? form a basis for P3? 

(4) The set W = {p(x) € P4| p(O) = 0} is a proper, nontrivial subspace of V = P4. 


What are the possible dimensions for W? 


Exercise 16.47. It’s an interesting fact that if V is a vector space of dimension n, then 
any set of n vectors that is not a basis must both fail to span V and be linearly depen- 
dent. Prove this fact, and exhibit this with the vectors u = (1,2,3),v = (3,1, 2), and 
w = (-3,4,5) in R*. 


Linear transformations 


17.1 Bases and linear transformations 


We now turn our attention to the functions between vectors spaces that preserve the 
vector space structure. First, whatever functions we define between vector spaces, it 
seems rather obvious that we ought to restrict our attention to vector spaces over the 
same field. Second, since vector spaces have two operations — addition and scalar mul- 
tiplication - the type of functions between vector spaces need to preserve both opera- 
tions. Let’s see what we can come up with. 


Definition 17.1. Let V and W be vector spaces over F. A function ¢? : V > Wisa 
linear transformation if and only if ¢ is a group homomorphism and ¢(rv) = r¢(v) 
for allr € Fandv € V. The kernel of a linear transformation ¢ : V > W is the 
set Ker(¢) = {v € V|¢(v) = O}. A linear transformation that is a bijection is called 
a (vector space) isomorphism, and V is isomorphic to W if and only if there is an 
isomorphism ¢ : V > W. 


Exercise 17.2. Determine if the given function is a linear transformation. Are any 
isomorphisms? 
(1) ¢: R? > R3, ¢(a, b,c) = (2a, b — 2c,a +0). 


(2) ¢: R? > R’, d(a,b,c) = (=. *). 


(3) ¢ : R? > R?, d(a, b) = (—a, —2a — 3b, —b). 
(4) ¢ : R? > R?, (a,b,c) = (ab, be, ca). 


(5) @ : Q[x] > O[x], d(a,x”" + +» +.a,x + ag) = nay,x"! +--+ 2a,x + ay. 
(6) $ : Q[x] > Q[x], P(p(x)) = xp(x). 

(7) ¢: {a+ bV2| a,b € Q} > {a + bV2| a,b € Q}, f(a + bY2) = a — by2. 
(8) ¢ : {a+ bV2|a,b € QO} > {a + by2| a,b € O}, d(a + bY2) = b + ay2. 
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The following theorems should come as no surprise at this point, as they’re the 
same ideas from groups and rings. 


Theorem 17.3. Let ¢ : V — W bea linear transformation. Then Ker(¢) is a subspace 
of V, and ¢ is injective if and only if Ker(¢) = {0}. 


Theorem 17.4. Let ¢ : V — W bea linear transformation, and let V' and W' be 
subspaces of V and W, respectively. Then $(V’) is a subspace of W, and ¢~1(W’) is a 
subspace of V containing Ker(¢). 


In particular, let’s see how linear transformations handle spanning sets and linear 
independence. The first little lemma is easy, but it’s really useful when dealing with 
linear combinations of vectors. 


Lemma 17.5. Let¢ : V > W bealinear transformation and v,,...,V,, be vectors in V. 
Then $V, + °+> +%Vyn) = HPV) +--+ +H P(Vy)- 


Theorem 17.6. Let ¢ : V > W be an injective linear transformation, and let v; be vec- 
tors in V. Then v; are linearly independent if and only if $(v;) are linearly independent. 


Theorem 17.7. Let ¢ : V > W bea surjective linear transformation, and let B C W. 
Then B spans W if and only if $~1(B) spans V. 


Theorem 17.8. Let $f : V — W be an injective linear transformation, and let v; be 
vectors in V. Then v; is a basis for V if and only if $(v;) is a basis for f(V). 


Corollary 17.9. Let ¢ : V — W bea vector space isomorphism, and let v; be vectors in 
V. Then v; is a basis for V if and only if $(v;) is a basis for W. 


It really is best to think of these theorems as identifying what gets preserved under 
linear transformations. Linear independence is preserved under injectivity, spanning is 
preserved under surjectivity, and bases are preserved under isomorphisms. Let’s apply 
these results to the crucial case when V and W have finite dimension. 


Lemma 17.10. Let V be a vector space and v € V be a nonzero vector. Then S pan({v}) 
is isomorphic to the vector space F. 


Theorem 17.11. Let V be a vector space with a finite basis v,,...,V,. Then V is isomor- 
phic to the vector space F*. 


Theorem 17.12. Let V and W be vector spaces, and let A = {a,,...,a,} be a finite basis 
for V. Then for any indexed set {b,,...,b,,} C W of n vectors, there exists a unique linear 
transformation ¢ : V > W such that $(a;) = bj. 


What this says is that every linear transformation from V to W is uniquely deter- 
mined by what happens to a basis for V. In fact, we can say more - much more. 


Theorem 17.13. Let ¢ : V — W bea linear transformation, and let A = {a,,...,a,} be 
a finite basis for V. Then ¢ is surjective if and only if $(A) spans W, and ¢ is injective if 
and only if $(a,) ..., f(ay) are linearly independent vectors. 
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Corollary 17.14. Let $ : V — W bea linear transformation, and let A be a finite basis 
for V. Then ¢ is an isomorphism if and only if $(A) is a basis for W. 


This is a really key corollary. It says that not only do isomorphisms take bases to 
bases, but only isomorphisms do that. 


17.2 Rank and nullity 


Given any linear transformation ¢ : V —> W, the two natural subspaces related to ¢ 
are its kernel, Ker(¢) C V, and the image ¢(V) C W. There are some special terms 
associated with these subspaces, so let’s define them first. 


Definition 17.15. Let V and W be vector spaces, and let ¢ : V > W bea linear 
transformation. 


(1) The dimension of ¢(V) is called the rank of ¢; 

(2) The subspace Ker(¢) is called the null space of ¢; 

(3) The dimension of the null space of ¢ is called the nullity of ¢; 
(4) Ifthe nullity of ¢ is 0, then we say ¢ is nonsingular. 


We now come to one of the classics of linear algebra. As a hint for its proof, go 
back and look at Theorem for a start. 


Theorem 17.16 (The Rank Theorem). Let ¢ : V — W bea linear transformation, 
where V is finite dimensional. Then dim V = (rank of $) + (nullity of $). 


Exercise 17.17. Compute the rank and nullity of given linear transformation. Are any 
transformations nonsingular? 


(1) $: R* > R*, g(x,y) = (x -y, y— x) 

(2) ¢: R? > R*, (x, y) = (5x — By, 4x — Ty) 

(3) ¢: R? > R?,4(x,y,z) = (x+y+Z,y+Z) 

(4) ¢: R? > R3, p(x, y, Zz) = (2x + 3z,-2x — 3z, 2x + 3z) 
(5) ¢: R? > R’, g(x, y) = (2x + y, —x, 3y) 

(6) ¢: R? > R3, 6(x, y,z) = (2x + y, —x, 3y +2) 


The ramifications of the Rank Theorem are manifold; here are two for you to prove. 


Corollary 17.18. Let V and W be vector spaces of the same finite dimension, and let 
¢ : V > W bea linear transformation. Then the following are equivalent: 


(1) ¢ is an isomorphism; 
(2) ¢ is nonsingular; 
(3) ¢ is surjective; 


(4) For every basis B of V, the image $(B) is a basis for W. 
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Corollary 17.19. Let V and W be finite dimensional vector spaces, and let : V > W be 
a linear transformation. Then the rank of ¢ is not larger than either of dim V or dim W. 


Aside. Whenever the rank of ¢ : V > W is equal to the smaller of dim V or dim W, 
we say that ¢ has full rank. 


Exercise 17.20. Which of the linear transformations in Exercise have full rank? 


17.3 Eigenvectors 


We now turn our attention to one very important special case of linear transformations, 
those from a vector space to itself. 


Definition 17.21. Let V be a vector space over F and let? : V > V bea linear 
transformation. An nonzero element v € V is called an eigenvector for ¢ if ¢(v) = Av 
for some scalar A € F. Ascalar/ ¢€ F is called an eigenvalue for ¢ if there is a 
corresponding eigenvector v € V such that $(v) = Av. 


Theorem 17.22. Let V be a vector space over F and let $ : V > V bea linear transfor- 
mation. If A € F is an eigenvalue for ¢, then the set {v € V | $(v) = Av} is a nontrivial 
subspace of V. 


Definition 17.23. Let V be a vector space over F and let ¢ : V > V bea linear trans- 
formation. If A € F is an eigenvalue for ¢, then the eigenspace of ¢ corresponding to 
A is the nontrivial subspace {v € V | ¢(v) = Av}. 


Exercise 17.24. Find the eigenspace of ¢ corresponding to the given eigenvalues. 
(1) V = R?*, d(x, y) = (—x, x + 2y),a = —1,2. 
(2) V = R*, d(x, y) = (5x — 8y,4x — Ty), A = -3,1. 
(3) V = R3, d(x, y,z) = (x +2, 2x — 5y + 8z,x+2Z),A = —5,0,2. 
(4) V = R3, d(x, y,z) = (2x,x +2y+z,—-x+z),A = 1,2. 
(5) V={f : R-R|f is infinitely differentiable}, d(f) = f’,a = —-1,1. 
(6) V={f : R->R|f is infinitely differentiable}, d(f) = f",A = —-1. 
Note that for any scalar a © FF, we could define the subspace 
{v € V|¢(v) = av}, but unless a is an eigenvalue of ¢, we'll always get the trivial 


subspace. Hence, the definition of eigenspace is only meaningful if we know in ad- 
vance that a is an eigenvalue of the linear transformation. 


Theorem 17.25. Let V be a vector space over F and let ¢ : V — V bea linear trans- 
formation. If V,,...,V, are eigenvectors of $ with distinct eigenvalues A4,...,A,, then 
{v1,..-,V,} form a linearly independent set of vectors in V. 


Theorem 17.26. Let V be a vector space over F and let $ : V > V bea linear transfor- 
mation. Then any two distinct eigenspaces have only the zero vector in common. 
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Theorem 17.27. Let V be a vector space over F and let $ : V > V bea linear transfor- 
mation. Then ¢ is nonsingular if and only if 0 is not an eigenvalue for ¢. 


Exercise 17.28. Which of the transformations in Exercise are invertible? For 
those that are, give its inverse transformation. 


17.4 Linear operators 


Let’s continue our exploration of linear transformations from a vector space to itself. 
Since the domain and codomain of such functions are the same, we might explore ways 
to combine two such transformations. 


Theorem 17.29. Let V be a vector space over F, and let Hom(V, V) be the set of all linear 
transformations from V to V. Then for alli, 6 € Hom(V, V), the following functions are 
also elements of Hom(V, V). 


(1) The composite function yp o ¢ function given by (po $)(v) = P(P(v)). 
(2) The sum function p + ¢ given by (pb + ¢)(v) = p(v) + G(v). 
(3) The scalar multiple function a¢ given by (ap)(v) = ag(v) for all a € F. 


Furthermore, Hom(V,V) is a ring with unity under the first two operations, and 
Hom(V, V) is a vector space over F under the last two operations. 


Definition 17.30. Let V be a vector space. A linear transformation ¢ € Hom(V, V) is 
called a linear operator on V. 


We now have an entirely new ring and a new vector space formed from linear trans- 
formations on a vector space. That means every theorem we proved about rings and 
vector spaces can now be applied to sums and compositions of linear transformations. 
For instance, to prove Hom(V, V) is a ring, you had to identify a zero transformation 
and an identity transformation. We’ll denote these two special transformations with 0 
and I, respectively. The units of Hom(V, V) are the invertible linear transformations, 
which means they’re the nonsingular transformations. Try the next theorem out as an 
example of how to use this ring structure. 


Theorem 17.31. Let ¢ € Hom(V, V) have eigenvalue A. Then: 
(1) A is an eigenvalue for $* for all positive integers k. 
(2) If is nonsingular, then A“ is an eigenvalue for $7". 
(3) ¢—AI € Hom(V, V) is not invertible. 
The last part of this theorem tells us that eigenvalues ofa linear operator give rise to 


anoninvertible linear operator. Although the list of applications of this simple theorem 
is quite lengthy, let’s just look at one extreme case. 


Definition 17.32. Let 6 € Hom(V, V) be a linear operator on V. Then ¢ is nilpotent 
if ¢* = 0 for some positive integer k, and the smallest such positive integer is the index 
of ¢. 
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Exercise 17.33. Which of the following linear transformations are nilpotent? For 
those that are, what is its index? 


(1) V = R*, f(x, y) = (0) 

(2) V=R*,¢(x, y) =(x-y,x-y) 
(3) V=R*,¢(x, y) = (,-x) 

(4) V=R?,¢(x, yz) = (zy, 0) 

(5) V=R*,$(x, y,z,w) = (y, w, 0,0) 


(6) V = R°, h(x, Xz, X3,X 4X5) = (0, X3, X4, X5, 0) 


Nilpotent operators have a long, rich history in mathematics - and you’ve seen one 
important one. Specifically, if V is the vector space of all polynomials over R of degree 
at most k, then Calculus I differentiation is a linear operator on V. If you repeatedly 
take derivatives often enough (in this case, the (k + 1)* derivative), you’ll wind up with 
0 as your result. Hence, differentiation on V is a nilpotent linear operator of index k+1. 
That’s a pretty good reason to investigate these objects. 


Theorem 17.34. Let ¢ € Hom(V,V) be a nilpotent linear operator on a vector space 
V with index k. Then Ker(¢") is a proper subspace of Ker(¢/) for all0 <i <j <k. 
Furthermore, if V is finite dimensional and V ; = Ker(¢/), then for all i > 0, we have 


Exercise 17.35. For the differentiation operator on polynomials in R[x] of degree at 
most k, what is the sequence of kernels described from the theorem, and what is the 
dimension of each kernel? 


This theorem makes sense, since the composition of a nilpotent linear operator 
with itself will eventually equal the zero transformation. Furthermore, since the zero 
transformation is the only one whose kernel is all of V, the kernels of the composite 
transformations must keep getting larger. What’s really unexpected is how the size 
of the kernels is restricted. For instance, if the kernel of ¢ is 1-dimensional, then the 
kernel of each ¢! must be exactly i-dimensional. On the other hand, if the dimension 
of the kernel of ¢ is 2, then the dimension of the kernel of ¢? is either 3 or 4, and so on; 
once a kernel’s dimension increases only by 1, then the dimensions of the subsequent 
kernels must also increase by exactly 1. It’s really strict! 

Let’s play with this fora moment. What if we created a finite sequence of subspaces 
of a finite dimensional vector space V, each of which is strictly contained in the next 
and whose dimensions increase as in the theorem. That is, let’s start with a sequence 
{}SYUEWS- EV_ =V with dim(V;4,) — dim(V;) < dim(V,) — dim(V;_)). 
Can we construct a linear operator on V whose successive kernels are those subspaces 
exactly? 


Theorem 17.36. Let V be a finite dimensional vector space, and let Vo,V;,...,V x be 
subspaces of V such that {0} =V>o ©¢Y GWG --- CV, = V for some positive integer k 
and such that dim(V ;,,) — dim(V;) < dim(V;) — dim(V ;_,) for0 <i < k. Then there 
exists a nilpotent linear transformation of index k such that Ker(¢') = V; for0 <i<k. 
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Aside. While the nilpotent transformation you just constructed isn’t the only one that 
works, any two such nilpotent transformation are related under composition by an in- 
vertible transformation which map bases of the kernels to each other. Hence, given 
subspaces of V of just the right dimensions, there’s a unique nilpotent linear trans- 
formation, up to multiplication by an invertible transformation, whose kernels match 
those subspaces. 


Exercise 17.37. The theorem you just proved says we can create a nilpotent linear 
transformation, once we're given a sufficiently nice set of subspaces to work with. Find 
a linear transformation ¢ : V — V for each of the following. 

(1) V =R?,V, = Span{(0, 1}, Y= V. 

(2) V = R*, VY = Span{(1, —2)}, % = V. 

(3) V = R3, V, = Span{(1, 0, 0), (0,1, 0)}, Y= V. 

(4) V = R3, V, = Span{(1, 0, 0)}, VY} = Span{(1, 0, 0), (0,1, 0)}, % = V. 


Exercise 17.38. It’s worth noting that the finite dimension of V is needed for the above 
theorems. Specifically, consider the differentiation operator on V = R[x]. Show that 
this operator is not nilpotent, even though every element of V is in the kernel of some 
power of the operator (such an operator is called locally nilpotent). 


17.5 Dual spaces 


Our final application of linear transformations concerns another special case. We re- 
marked earlier that a field is a vector space over itself, with field multiplication playing 
the role of scalar multiplication. Hence, instead of exploring linear transformations 
from V to itself, let’s look at linear transformations from a vector space V to the field 
F. We begin with the same kind of theorems from Section {17.4} 


Theorem 17.39. Let V be a vector space over F, and let V* be the set of all linear trans- 
formations from V to F. Then V* is a vector space over F where addition and scalar 
multiplication is defined by: 


(1) The sum function p + ¢ given by () + ¢)(v) = p(v) + P(v) 
(2) The scalar multiple function a¢ given by (ap)(v) = ag(v) for all a € F. 


Definition 17.40. Let V be a vector space over F. The vector space V* is called the 
dual space of V, and elements of V* are called linear functionals. 


This seems unlikely to produce anything of particular interest, but since we’ve cre- 
ated a vector space, we might as well investigate its properties. 


Theorem 17.41. Let V be a vector space and V* its dual space. If {v,,...,V,} is a basis 
for V, then the linear functionals v; : V — F given by 
1, i=j; 
* i ’ ’ 
vie) =| 0, i#j 
form a basis for V*. In particular, if V has finite dimension n, then V* also has finite 
dimension n. 
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Exercise 17.42. Let V be a vector space and V* its dual space. If W is a subspace 
of V, prove that the set Ann(W) = {¢ € V*|¢(w) = Oforallw € W}, called the 
annihilator of W in V*, is a subspace of V*, and that if V has finite dimension, then 
dim Ann(W) = dim V — dim W. 


It seems all we’ve done is create a parallel universe where we’ve simply replaced 
basis vectors with linear functionals that somehow “represent” the basis vectors. But 
why would we do that? In fact, the next definition might seem to press this idea too 
far, but the payoff is worth the effort. 


Definition 17.43. Let V be a vector space and V* its dual space. The dual space to V* 
is called the second dual and is denoted V**. 


Seriously? We’re now going to talk about linear functionals of linear functionals 
of V? Yes, yes we are! 


Exercise 17.44. It can be very taxing to keep track of what elements of V*™* are and how 
they act. To get more comfortable with them, verify that each ¢ given is an element of 
Ve, 


(1) Let V = R* and V* = {f : V > R|f(x,y) = ax + by,a,b € R}. Define 
? : V* > Rby ¢(f) = f(, 3). 

(2) Let V = R* and V* = {f : V > R|f(x,y) = ax + by,a,b € R}. Define 
fp : V* > R by $(f) = f(%o, Yo) for some (Xo, yo) € V. 

(3) Let V = Rand V* ={f :V > R| f(x,y) = ax + by + cz,a,b,c € R}. Define 
? : V* > R by $(f) = fC, 3, -2). 

(4) Let V = R* and V* ={f : V > R| f(x,y) = ax + by +cz, a,b,c € R}. Define 
fp : V* > R by $(f) = f(Xo, Yo, Zo) for some (Xo, Yo, Zo) € V. 


Our goal here is to use our experiences from rings and fields to help us out. The 
evaluation map shall be our guide. 


Lemma 17.45. Let V be a vector space and let v € V. Then the function ¢, : V* > F 
given by ¢,(~) = p(v) is an element of V**. 


Definition 17.46. Let V be a vector space and let v € V. The element ¢, : V* > Fof 
V*™ given by ¢,(~) = p(v) is called the evaluation at v. 


Theorem 17.47. Let V be a vector space with finite dimension n. Then the function 
® : V > V™ given by ®(v) = ¢, is an isomorphism of vector spaces. 


The amazing thing about the proof of the above is that is does not depend on choos- 
ing a basis for V! Using evaluation at the vectors in V provides a “natural” isomorphism 
from V to its second dual. 


Exercise 17.48. Let’s explore the vector space V = a(V2) ={x+ yV2 |x,y € Q}and 
the natural isomorphism from V to its second dual V**. 
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(1) First, show that {1, /2} is a basis for V. 
(2) Next, show that V* ={f : V > Q| f(x + yv2) = ax + by,a,b € Qh. 


(3) Denote the elements of V* by fg.p(x + yvV2) = ax + by. Then show that a basis for 
V* is {fio> fo,1}- 


(4) Nowshow that V**={F : V* ~Q | Ffa,b) = fap(xtyv2), for some x +yV/2 € V}. 


(5) Now for the tricky part. Repeat these steps, but choose the different basis 
{1+ 2, 1- 4/2} for V instead. 


(6) Show that the F corresponding to x + yv2 is the same, no matter which basis you 
chose. 


Part 5 


Field theory 


Extension fields 


18.1 Degree of an extension 


We're now in a really good place to put our knowledge of rings and fields together with 
the theory of vector spaces. If you recall, the major accomplishment in Chapter [[5| was 
the construction of a field in which a given irreducible polynomial p(x) € F[x] has a 
zero. Let’s see if there are natural questions that arise from this approach and where 
their answers take us. 

Our first definition in this section is utterly trivial, but it asks us to shift our per- 
spective on how we think about fields and subfields. For the entire book, we’ve stud- 
ied an algebraic structure, like groups, rings, and vector spaces, and then asked about 
their sub-structures, like subgroups, ideals, and subspaces. On the other hand, when 
it comes to zeros of polynomials, we’ve actually begun to take a slightly different ap- 
proach: start with a field F, and then find a “larger” field to which F is a subfield. That 
is, rather than looking at everything inside F’, we want to look at things that F is inside! 
Hence, the following definition is merely a term that reflects this change in perspective. 


Definition 18.1. Let F bea field. Then a field E is an extension field of F if and only 
if F is a subfield of E. 


Using this definition, C is an extension field of R, for instance, which itself is an 
extension field of Q. Furthermore, one of our prime examples of a vector space was that 
every field is a vector space over its prime field. This idea is a also true for extension 
fields: Every extension field E of a field F is a vector space over F. Hence, we can ask 
all kinds of questions about E as a vector space, such as the dimension of E as a vector 
space over F’. 


Definition 18.2. Let E be an extension field over F. We say that the degree of E over F 
is n if and only if E has finite dimension n as a vector space over F, denoted [E : F']. If 
the dimension of E as a vector space over F is infinite, then we also say that the degree 
of E over F is infinite. 
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This definition seems fairly straightforward. However, what if we have three fields: 
E is an extension of F, and K is an extension of E. Clearly K is also an extension of F, 
but what is its degree over F? 


Theorem 18.3. Suppose E is a finite degree extension field of F and K is a finite degree 
extension field of E. Then|K : F]=[K : E][E: F]. 


This fact obviously extends inductively to a finite number of extension fields, called 
a tower of fields. 

Let’s prove our first theorem that connects our study of fields with our theorems 
from vector spaces. 


Theorem 18.4. Let F be a field and p(x) € F[x] an irreducible polynomial of degree n. 
If E = F[x]/(p(x)) and a = x + (p(x)) € E, then the set {1, a, a7, ..., a1} spans E. 


Corollary 18.5. Let F be a field and p(x) € F[x] an irreducible polynomial of degree n. 
Tf f(x) + (p(x)) € F[x]/ (p(x)), then there exists a polynomial q(x) € F[x] of degree less 
than n such that q(x) + (p(x)) = f(x) + (p(x)). 


This simply means that we need only consider the elements in our standard exten- 
sion field whose degrees are strictly less than the degree of our irreducible polynomial. 
You don’t suppose those same elements might also be linearly independent, do you? 


Theorem 18.6. Let F be a field and p(x) € F[x] an irreducible polynomial of degree n. 
If E = F[x]/(p(x)) and a = x + (p(x)) € E, then the set {1, a, a7,...,a@"~1} is a linearly 
independent set in E. 


Corollary 18.7. Let F bea field and p(x) € F[x] an irreducible polynomial of degree n. 
If E = F[x]/(p(x)), then [E : F] =n. 


There’s our first insight into our method for constructing an extension field. Specif- 
ically, when we take an irreducible polynomial p(x) € F[x] and create the field 
F[x]/(p(x)), then for the particular zero a = x + (p(x)), a basis for F[x]/(p(x)) is 
the set {1,a,...,a7—1}. 


Exercise 18.8. An irreducible polynomial p(x) over Q is given, along with a particular 
zero a of that polynomial. In each case, express the element f as a linear combination 
of the basis {1, a, a7,...,a@7-1}. 


(1) p(x) =x? +x-1e€ Q[x],a = 5(-14+ V5); B= V5. 
(2) p(x) = x3 — 3x2 +3x-4E O[x],.a=14+ 73; B= V9. 
(3) p(x) = x4 - 10x? +1 € Q[x,.a=V¥24+ 73; B= y2. 
(4) p(x) = x — 6x* — 4x3 + 12x? — 24x -4€ Q[x],a=V2+¥2; p= 2. 


18.2 Simple extensions 


Our primary example of an important extension field is the field E = F[x]/(p(x)), 
when p(x) € F[x] is irreducible. In this case, FE contains a zero a = x + (p(x)) of p(x). 
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But do we need all of E for p(x) to have a zero? Or, in other words, is E the “smallest” 
field in existence in which p(x) has a zero? After all, we might have constructed an 
unnecessarily large and complicated field just so we can get a zero for our polynomial. 

Let’s approach it this way. Begin with any extension E of a field F and choose an 
element a € E. What we'd like to know is how much of E do we need to include along 
with F and a in order to have a field? Do we need all of E? Does F itself already contain 
a? 


Definition 18.9. Let E be an extension field of F anda € E. The field generated 
by a over F is the intersection of all subfields of E containing both F and a and is 
denoted F(a). This field is also called F adjoined by a or simply F adjoin a. If there 
exists an element a € E such that E = F(a), we say that E is a simple extension of 
F, and any a € E such that EF = F(a) is called a primitive element of E. Finally, 
if A = {a,,...,a,} C E, then field generated by A over F is the intersection of all 
subfields of E containing both F and A and is denoted F(a,,...,a,). 


Exercise 18.10. Prove that F(a) = F if and only ifa € F. 
Exercise 18.11. It’s worth asking if F(a)(b) = F(a, b). Prove this natural fact. 


Implicit in this definition is the (true) fact that the intersection of fields is another 
field. Yet the reason for this definition is obvious: the field F(a) is indeed a field con- 
taining a and is contained in every field that also contains both F and a. It is in this 
way that we recognize F(a) as the “smallest” field containing both F and a. In fact, 
there may be multiple ways to adjoin one or more elements to a field F and get the 
same extension field! 


Exercise 18.12. Let’s work some concrete examples before we proceed. Describe 
(without proof) the elements in the field E,, and prove that the field E, given in the 
problem is the same as E£}. 


(1) EF, = Q(V2), EF =Q(0+ 2) 
(2) Ey = Q(iV3), By = Q(e@7/3)) 
(3) Ey = Q(V2,V3), Ey = Q(V2+ V3) 
(4) Ey = Q(V2, 92), E, = Q(4/2) 


Although we now have terminology to analyze F(a), our question still remains: if 
p(x) € F[x] is irreducible and E = F[x]/(p(x)), does E = F(a) for some zero a € E of 
p(x)? To answer this, prove the next lemma and the theorem that follows. 


Lemma 18.13. Let F be a field and p(x) € F[x] an irreducible polynomial. If E is 
any extension field of F containing a zero a of p(x), then the evaluation homomorphism 
bq : F[x] — F(a) is surjective. 


Theorem 18.14. Let F be a field and p(x) € F[x] an irreducible polynomial of degree 
n. If E is any extension field of F containing a zero a of p(x), then F(a) is isomorphic to 
F[x]/(p(x)), and F(a) = {eg +.¢1@ + ++» +Cp_1"! | €0,...,Cy—1 © F}. 
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While this theorem seems technical, its consequences are quite important. An 
immediate result, of course, is that F[x]/(p(x)) = F(a) for the zero a = x + (p(x)), 
which answers our question. On the other hand, while the various fields you obtain by 
adjoining zeros of p(x) are isomorphic, they’re definitely not necessarily equal. Work 
through the next exercise to see what’s really going on. 


Exercise 18.15. The following is a famous and important example of how adjoining 
zeros of polynomials works. Let’s analyze the polynomial p(x) = x? — 2 € Q[x]. 


(1) First, verify that the three zeros of p(x) are 


ay = V2.0, = V2(-$4+ Bi), c4 = V2(-$- 3). 


2 2 


Conclude that p(x) is irreducible over Q. 
(2) Second, write out the bases {1, «;, a7} for Q(a 1), (a2), (a3). 


(3) Finally, verify that a; ¢ Q(a;) fori # j. Conclude that the three fields Q(a), Q(@), 
Q(a3) are isomorphic but not equal. (In fact, the only elements they have in com- 
mon is the base field Q.) 


Now comes a truly remarkable idea. A consequence of Theorem [18.14]is that if a, 
and cz are zeros of the same irreducible polynomial, then F(a,) and F(a) are isomor- 
phic. But suppose we have two extension fields of F that are isomorphic. If each is also 
simple, so that F(a) and F(b) are isomorphic for some a, b € E, does that mean that a 
and b are zeros of the same irreducible polynomial? 

The answer, quite clearly, is no. For instance, the fields Q(i) and Q(2i) are not only 
isomorphic, they’re equal! Obviously, i and 2i never satisfy the same irreducible poly- 
nomial, since i only satisfies polynomials in the ideal (a + 1), whereas 2i only satisfies 
polynomials in the ideal oe + 4). On the other hand, there is one extremely satisfying 
result that lets us know how zeros of polynomials behave under field isomorphisms. 


Theorem 18.16. Let E, and E, be extension fields of F. If $ : E, > E, is a ring ho- 
momorphism for which ¢(c) = c for allc € F, anda € E, is a zero of a polynomial 
p(x) € F[x], then $(a) is also a zero of p(x). 


Corollary 18.17. Let E, and E, be extension fields of F. Iff : E, > E, isanisomorphism 
of fields for which ¢(c) = cforallc € F, anda € E, isa zero of an irreducible polynomial 
p(x) € F[x], then $(a) is also a zero of p(x). 


In other words, field isomorphisms that fix F take zeros of an irreducible polyno- 
mial to zeros of the same irreducible polynomial. That’s a pretty harsh restriction on 
how isomorphisms of fields behave! In fact, we give a special name to zeros of the same 
irreducible polynomial. 


Definition 18.18. Let E be an extension field of F. We say that elements a, b € E are 
conjugate over F if and only if they are zeros of the same irreducible polynomial in 
F[x]. 


This definition itself provokes two pretty basic questions. First, could an element 
a € E be a zero of more than one irreducible polynomial in F[x]? Second, could two 
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elements a, b be conjugate over a field F, but not be conjugate over a different field F’? 
Let’s nail down answers to these two questions so that there’s no ambiguity whatsoever 
in what we’re doing. 


Theorem 18.19. Let E be an extension field of F. If « € E is a zero of irreducible poly- 
nomials p(x), q(x) € F[x], then p(x) = c q(x) for somec € F. 


Aha! Essentially, you can’t be a zero of more than one irreducible polynomial, up 
to scalar multiples. But does being conjugate really depend on the base field F? 


Exercise 18.20. Let’s return to the polynomial p(x) = x? — 2 € Q[x] and explore why 
the term conjugate over F really does depend on the field F under consideration. We'll 


continue to label its zeros as a, = V2, A, = V2 (-} + Bi) ,as a V2 (-} — i), 


(1) First, recall that p(x) is irreducible over Q. To what element(s) over Q are a1, a2, 
and @3 conjugate? Are all three conjugate to each other over Q? 


(2) Second, verify that in the polynomial ring a(/2)[x], we can factor p(x) into the 


product p(x) = (x—4/2)(x?2+4/2x+(4/2)). Conclude that q(x) = x?+¥/2x+(4/2) 
is irreducible over Q(*/2)[x]. 


(3) Finally, to what element(s) over a(*/2) are 1,2, and a3 conjugate? Are all three 
conjugate to each other over a/2)? 


18.3 Splitting fields 


We've accomplished some really nice facts about simple extensions, with the obvious 
motivation coming from creating zeros of irreducible polynomials. We also know from 
the Factor Theorem that if a polynomial p(x) € E[x] has a zero a € E, then we can 
factor p(x) as p(x) = (x — a)q(x) for some q(x) € E[x]. Hence, given an irreducible 
polynomial p(x) € F[x], we can not only create an extension field E of F in which p(x) 
has a zero, but one in which p(x) factors as p(x) = (x — a)q(x). While we decidedly 
do not know if q(x) is irreducible or not, we do know it has degree one less that p(x). 
Intuitively, then, we should look at the irreducible factors of q(x) and extend E so that 
the irreductible factors of q(x) also have zeros, and so on. The result of this process 
should result in a field in which the original polynomial p(x) factors as a product of 
linear factors. Such a field, if it exists, has special significance in field theory. 


Definition 18.21. Let E be an extension field of F and p(x) € F[x]. We say p(x) splits 
in E if and only if p(x) factors as a product of linear polynomials in E[x]. We say that 
E is a splitting field for p(x) if and only if p(x) splits in E but does not split in any 
proper subfield of E containing F. 


Take careful note of these terms. If you can factor a polynomial “completely” in 
a field, then that polynomial splits in that field, but that does not mean it’s a splitting 
field for that polynomial. A splitting field is a “smallest” field that you can create that 
does that. So, for instance, the irreducible polynomial x7-2€ Q[x] splits in C and in 
R, but neither are a splitting field for x?—2. After all, both C and R contain the subfield 
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Q(V2), and x? — 2 splits in Q(/2), since x? — 2 = (x — 2)(x + V2). The real question 
is whether or not Q(V2) is a splitting field for x? — 2. In fact, do splitting fields exist 
at all? Let’s make our intuition correct about creating a field in which a polynomial 
splits, and then let’s prove the existence of splitting fields. 


Theorem 18.22. Let F be a field and p(x) € F[x]. Then there exists an extension field 
of F of finite degree over F in which p(x) splits. 


Theorem 18.23. Let E be an extension field of F in which a polynomial p(x) € F[x] 
splits. If \ is the collection of all subfields of E containing F in which p(x) splits, then 
() K is a splitting field for p(x). 

Kek 

We keep using an odd phrase: we talk about “a” splitting field, as if there could 
be lots and lots of splitting fields for a polynomial. Is that really possible? That task is 
our last major task of this section - the uniqueness (up to isomorphism, of course) of 
a Splitting field for a polynomial. 


Theorem 18.24. Let E be an extension field of F and p(x) € F[x] be an irreducible 
polynomial over F. If a,,a, € E are zeros of p(x), then there exists an isomorphism 
g : F(a.) > F(a2) such that ¢(c) = c forallc € F. 


Theorem 18.25. Let F be a field and E, and E, splitting fields for p(x) € F[x] over F. 
Then there exists an isomorphism ¢ : E, > E, such that ¢(c) = c forallc € F. 


Whew! We can officially talk about “the” splitting field for a polynomial. 


Exercise 18.26. Find the splitting field for each polynomial p(x) € Q[x] by adjoining 
one or more elements to Q. 


(1) p(x) = x4 — 5x? +6 (3) p(x) =x? -1 
(2) p(x) =x*-4 (4) p(x) =x®-1 


Algebraic extensions 


19.1 Algebraic elements 


Let’s see where we’ve come so far. We've investigated fields of the form F(a), provided 
that we have both an extension field E of our field F, as well as an element a € E that 
does, in fact, satisfy an irreducible polynomial in F[x]. However, this doesn’t mean that 
every element in an extension field must satisfy a polynomial in F[x]. It’s just that our 
prior discussion was restricted to elements that already satisfied such a polynomial. 
Let’s distinguish between those two types of elements in an extension field. 


Definition 19.1. Let E be an extension field of F. An element a € Fis called algebraic 
over F if and only if a is a zero of a polynomial p(x) € F[x]. Any element of E that 
is not algebraic over F is called transcendental over F. We say the extension field E 
is an algebraic extension of F if and only if every element of E is algebraic over F. If 
an extension field E of F contains a transcendental element, then we say that E is a 
transcendental extension of F. 


Be careful how you read this definition. Elements of an field are algebraic or 
transcendental with respect to a given base field. For instance, z + i € C is transcen- 
dental over Q, but it is algebraic over R, as it is a zero of the polynomial 
p(x) = x? — 2zx + 27 +1 € R[x]. Identifying transcendental elements is in general 
very hard. You’re already familiar with two transcendental elements over Q, namely 
and e, but the proof that these are transcendental is highly nontrivial. For now, though, 
go ahead and assume that these two numbers are transcendental over Q. 

Let’s start with a really important theorem that allows us to create algebraic exten- 
sions. 


Theorem 19.2. Let E be an extension field of F. If E is a finite degree extension of F, then 
E is an algebraic extension of F. 


This doesn’t seem to be much of a result, but let’s reflect on a particular circum- 
stance. Begin with a base field F and an irreducible polynomial p(x) € F[x]. We can 
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adjoin a zero a of p(x) to F to form F(a). Since F(a) is a finite extension of F, then every 
element of F(a) is algebraic over F. Hence, you can’t create transcendental elements 
simply by adjoining zeros of polynomials to a field. 

That said, let’s focus our attention on algebraic elements. Since algebraic elements 
over F satisfy a polynomial in F[x], it stands to reason there ought to be a simplest or 
“smallest” such polynomial. Let’s get that out of the way. 


Theorem 19.3. Let E be an extension field of F anda € E an algebraic element of E over 
F. Then there exists a unique monic, irreducible polynomial in F[x] of which a is a zero. 


Definition 19.4. Let E be an extension field of F and a € E an algebraic element of E 
over F’. The unique monic, irreducible polynomial in F[x] of which a isa zero is called 
the minimal polynomial of a over F. 


Once again, the minimal polynomial of an element is defined only with respect to 
a particular base field. For instance, the minimal polynomial for V2 over Q is x? — 2, 
but its minimal polynomial over a(y/2) is x — V2. 


Exercise 19.5. In these exercises, a particular real number a is given to you. Find a 


monic polynomial p(x) € Q[x] of the given degree of which a is a zero. (It turns out 
that these polynomials are the minimal polynomials for a, but don’t prove that fact.) 


(1) a=1-yvy7, deg p(x) = 2 


(2) a=V5-2yV3, deg p(x) =4 


(3) a=V2+¥2, deg p(x) =6 


(4) a= V3e/i, deg p(x) = 4 


Theorem 19.6. Let E be an extension field of F and a € E an algebraic element. Then 
[F(a) : F] is the degree of the minimal polynomial of a over F. 


Corollary 19.7. Let E be an extension field of F anda € E. Then ais algebraic over F if 
and only if the degree of F(a) over F is finite. 


Theorem 19.8. Let E be an extension field of F anda € E an algebraic element. If 
b & F(a), then the degree of the minimal polynomial for b over F divides the degree of the 
minimal polynomial for a over F. 


That’s a really interesting result, since it limits the kinds of elements you can find 
in F(a). For instance, V2 ¢ a2), since the minimal polynomial for V2 has degree 2, 


while the minimal polynomial for V2 has degree 3. Likewise, V2 € Q(v2) for exactly 
the same reasons. 
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Exercise 19.9. In this exercise, you’ll work through an important example using the 
number a = 2 + V/2. 


(1) Find a degree 6 monic polynomial p(x) of which a is a zero. It turns out that p(x) 
is its minimal polynomial, but don’t waste your time proving that fact. 

(2) A basis for Q(a) = {1, a, a, a3, a+, a>}. Do the tedious, ugly algebra and compute 
those powers of a. 

(3) You should notice that some unexpected numbers appeared in your computation, 


such as 2, V2, and 9/2, among others. Please express each of these three numbers 
as a linear combination of {1, a, a, a3, a4, a>}. This shows that those three numbers 


are indeed in Q(a), and thus each of Q(V/2), Q(¥/2), and Q(4/2) are subfields of 
Q(a). 

Since each of Q(/2), Q(*/2), and Q(4/2) are subfields of Q(a), the minimum poly- 
nomials of /2, ¥/2, and /2 must divide the degree of p(x), which is 6. Verify 
this fact by finding their minimal polynomials over Q. Conclude specifically that 


Q(a) = Q(%/2). 


(4 


wa 


19.2 Number fields 


Since much of the motivation for the study of extension field comes from extensions of 
Q, we have special terminology for this important case. 


Definition 19.10. An algebraic number is any algebraic element in an extension 
field of Q, and when the minimal polynomial of an algebraic number a over Q is has 
integer coefficients, we say that a is an algebraic integer. A number field is a finite 
degree extension of Q. 


For instance, since x? — 2 € Q[x] has integer coefficients, the number V2 is an 
algebraic integer. 


Exercise 19.11. Go back and review the theorems from ring theory dealing with poly- 
nomials in Q[x]. Then prove that a is an algebraic number if and only if a is a zero of 
an irreducible polynomial in Q[x] with integer coefficients. 


As it turns out, finding a polynomial that a number described by radicals satis- 
fies isn’t too terribly difficult. What is difficult, however, is proving that a polynomial 
that your algebraic number satisfies is irreducible. In the case of quadratic or cubic 
polynomials in Q[x], we can use techniques from our study of polynomials in Section 
14.3, Now seems an appropriate time to expand our techniques that might help out in 
certain circumstances. 


Theorem 19.12 (Eisenstein’s Criterion). Let q(x) € Z[x] and let p be a prime. Suppose 
the following three conditions hold: 


(1) p does not divide the leading coefficient of q(x). 
(2) p does divide all other coefficients of q(x). 
(3) p? does not divide the constant term of q(x). 


Then q(x) is irreducible over Q. 
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What an odd result. It seems like you’d have to be in a really specific situation for 
this to work, and you'd be correct. There are plenty of polynomials for which Eisen- 
stein’s criterion doesn’t apply, but you’d also be surprised how often it does work. 


Exercise 19.13. Use Eisenstein’ Criterion to verify each polynomial below is irre- 
ducible over Q. 


(1) q(x) = 2x* — 9x3 + 6x? + 39x +15. 
(2) q(x) = x* — 56x? — 42x + 28. 
(3) q(x) = —16x> + 24x? + 26x — 47. (Hint: play around with 2q(x).) 


(4) q(x) = 2° +(x+1)4 —4(x—- 1)? + (2x — 1)? —x +5. (Hint: play around with q(x +1). 
This foreshadows the next exercise!) 


Exercise 19.14. The following is a famous example of the power of Eisenstein’s Cri- 
terion. The idea here is to notice that a polynomial q(x) € Z[x] is irreducible over 
Q if and only if q(x + c) is irreducible over Q for any c € Z. Hence, if q(x) doesn’t 
satisfy Eisenstein’s criterion, we might look for an integer c so that q(x + c) does. 
Our polynomial of interest here is called a cyclotomic polynomial, which has the form 
q(x) = xP-1 4 xP-* 4.» +x +1 € Z[x], where pis a prime. 


(1) First, notice that q(x)(x — 1) = x? — 1, so that q(x + 1)x = (x + 1)? — 1. Use the 
binomial theorem to expand and “simplify” the right hand side. 


(2) As expected, you can factor an x out of that polynomial. When you do that, show 
that the factor that remains is q(x + 1). 


(3) Verify that the resulting polynomial q(x + 1) satisfies an Eisenstein Criterion. Con- 
clude that since q(x + 1) is irreducible, so is q(x). 


Now try using Eisenstein’s Criterion to prove this last theorem. 
Theorem 19.15. For every n € Z", there exists an extension field of Q of degree n. 


Aside. There’s one last question that really ought to be answered. Are there any num- 
ber fields that aren’t simple? The answer to this question is NO, and the proof of this 
fact yields the famous Primitive Element Theorem. It’s well worth trying to see how a 
proof might go! 


19.3 Finite fields 


The complementary topic to number fields are finite degree extensions of Z,, for p a 
prime. After all, by Corollary every field is an extension of Q or of Z,. In Section 
[19.2] we discussed finite degree extensions of Q, so we should finish off this chapter 
with the analysis of finite extensions of Z,. 

To begin with, since finite fields can’t contain a copy of Q, every finite field must 
be isomorphic to an extension of Z,. Hence, let’s start by counting how many elements 
a finite field can have. 
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Theorem 19.16. Let E bea finite field containing Z, for some prime p. Then E isa finite 
degree extension of Z, and contains p” elements for somen € Z*. 


Corollary 19.17. Suppose E is an extension field of a finite field F with k elements. If E 
is a finite degree extension with [E : F] =n, then E has k” elements. 


This tells us that the number of elements in a finite field is very, very constrained: 
prime power orders. But this utter restriction on such fields provokes two natural 
mathematical questions: is there a field of prime power order for every power of every 
prime, and how many such fields are there? Let’s answer the existence question first, 
then turn to uniqueness. 


Lemma 19.18. The nonzero elements of a field form a group under multiplication. 


Theorem 19.19. Let p bea prime and E an extension field of Z, with p” elements, n > 0. 
Then every element of E is a zero of the polynomial xP" — x € Zp[x], and if ay,..., pn 
are the elements of E, then xP" — x = (x —a,)++*(x — Apn). 


This really seems like this should conclude our analysis - after all, we know that 
a splitting field for every polynomial exists, so let’s construct the splitting field for 
xP” _xe Zy[x], and since splitting fields are unique, we’d be done with it. What’s 
the issue? 

The problem is that we don’t know that our splitting field has p” elements. For 
instance, what if x?” — x actually factored as (x —a,)? --- (x — pn-1 )P? Then a splitting 
field for our polynomial of degree p” would only need to have p”~! elements in it. 
That’s a problem. On the other hand, suppose that when we construct a splitting field 
for xP” — x, we wind up with way more than p” elements. That’s an entirely different 
problem. We're looking to construct a field of exactly p” elements for any prime p and 
positive integer n. We must be precise. 

Let’s first verify that the linear factors of x?" —x don’t repeat. That would mean that 
it takes at least p” elements to create its splitting field. You might find the following 
(tedious but true) fact useful: if a is any zero of xP"—1 _ 1, then 


xP™-1 1 = (x —a)(xP"-? +eaxP™-3 4+. + aP"3x + aP"-?), 


Theorem 19.20. Let p be a prime and E be the splitting field for x" — x € Zp[x] over 
Zy. Ifa € E is one of its zeros, with a # 0, then a is not a zero of the polynomial 
(xP"-?2 + axP"-3 4 +. + aP"—3x + aP"-?) © E[x]. 


Corollary 19.21. The splitting field for xP" —x € Zp|x] over Z, has at least p" elements. 


That solves our first issue. Now let’s make sure that our splitting field for x?" — x 
doesn’t need more than p” elements. You might find Freshman Exponentiation useful! 


Theorem 19.22. Let E be a splitting field for xP" — x € Zp|x] over Z,, and let K be the 
subset of E consisting of its p" distinct zeros. Then K is a subfield of E containing Z,. 


And that solves our second problem. Let’s summarize in a grand theorem. 
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Theorem 19.23. For every prime p and positive integer n, there exists a field of exactly 
p” elements, and any two such fields are isomorphic. 


Definition 19.24. Let p be a prime and na positive integer. The unique field with p” 
elements is called the Galois field of order p”. 


It’s very useful (and conceptually important) to see how the operations work in 
a Galois field. Try out the following exercises to do some fun computations in these 
finite fields. 
Exercise 19.25. Let’s start off simply and look at the Galois field of order 4. 


(1) Factor the polynomial p(x) = x* — x € Z,[x] into a product of two linear terms 
and an irreducible quadratic term. 


(2) Let a be a zero of the quadratic term. Express its other zero in terms of a. 


(3) Based on your answer to the above, write out the four elements of the Galois field 
with four elements. 


(4) The various products of all the elements must be in this field. In particular, to 
which elements in the field are a?, (a + 1)*, and a(a + 1) equal? 


(5) What is the (multiplicative) order of a and a + 1? 


Exercise 19.26. Let’s mimic some of the same computations to create the Galois field 
with 16 elements. 


(1) First, verify that the polynomials p,(x) = x*+x3+x?7+x+41, po(x) = x44+x3 +1, 
p3(x) = x* + x + 1 are all irreducible over Z). 


(2) Factor the polynomial p(x) = x!° — x € Z,[x] into a product of two linear terms, 
an irreducible quadratic term, and three irreducible quartic terms. 


(3) Let a be a zero of p,(x), so that a basis for the splitting field for p(x) is {1, a, a, a}. 
For each of the sixteen elements formed from the linear combinations of that basis, 
identify the irreducible factors of p(x) of which they are zeros. 


(4) The various products of all the elements must be in this field. In particular, to 
which elements in the field are a*, a>, and (a? + a)? equal? 


(5) What is the (multiplicative) order of the elements a? + a and a + a? Is there an 
element of order 15? 


Exercise 19.27. Here’s one final one dealing with the Galois field with 9 elements. 
(1) First, verify that p,(x) = x? + 1, po(x) = x? + x — 1, p,(x) = x? —x —1areall 
irreducible over Z3. 


(2) Factor the polynomial p(x) = x? — x € Z,[x] into a product of three linear terms 
and three irreducible quadratic terms. 


(3) Let a be a zero of p,(x), so that a basis for the splitting field for p(x) is {1, a}. For 
each of the nine elements formed from the linear combinations of that basis, iden- 
tify the irreducible factors of p(x) of which they are zeros. 
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(4) The various products of all the elements must be in this field. In particular, to 
which elements in the field are a”, (2a + 1)”, and (a + 2)? equal? 


(5) What is the (multiplicative) order of the elements a, 2a +1, and a + 2? Is there an 
element of order 8? 


Part 6 


Intermediate group theory 


Group actions 


20.1 Definitions and examples 


Let’s return for a moment to our discussion of the group S,, the group of permutations 
of a set A. Each element of S, is a bijection o : A — A, and we can think of o as 
“moving” the elements of A around. Furthermore, Cayley’s theorem explicitly states 
that every group is isomorphic to a subgroup of a group of permutations, so we might try 
to see how to understand groups as functions that move the elements of a set around. 
That’s the approach we now take. 


Definition 20.1. Let G be a group with identity e and X be any nonempty set. A func- 
tion * : GxX > X is called an action of G on X if and only ife « x = x for allx EX 
and (g18) * x = g, *(g2 * x) for all g},g, € Gand x € X. In this case, we also say that 
G acts on X by * and that X is a G-set. 


The best way to read this definition is in the following way: 


(1) Each g € G defines a function from X to X, and the identity element defines the 
identity function on X. 


(2) The product of two elements in G corresponds to the composition of their corre- 
sponding functions on X. 


Rather than use «, we drop that notation and simply write gx to indicate the im- 
age of the element x € X under the function that g defines on X. So, for instance, 
the definition would read that G acts on X if and only if ex = x for all x € X, and 
(2182)X = 81 (82x) for all g,,g,; EeGandx EX. 


Example 20.2. Let G = Z, and let G act on the set X = R by addition: that is, for each 
integer n € Z, define the function n « x as x +n. In this case, 0 * x = x +0 = x, which 
is the identity function. Furthermore, if m,n € Z, then 


(m+n)*x=x+(mM+n)=(x+m)4+n=nx*(x+m)=n«x(mM*x). 
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Thus, this is a valid action of the real numbers by the integers. Geometrically, the 
function that the integer n defines is a translation (shift) of the real number line by n 
units. 


Figure 20.1. Translation of R by n = 2 


Example 20.3. Let G = U, the set of complex numbers of distance 1 from the origin, 
and let X = C. Recall that all numbers in U can be written in the form e’® by Euler’s 
formula (see Section |C.Jin Appendix |C). Define an action of C by U by multiplication: 
let e® x z = e!©z. Then 1z = z, and since complex multiplication is associative, we 
automatically have (e!1e!®2)z = e!1(e!®2z). Thus, this is a valid action. Geometrically, 
the function that the element e!° € U defines is a counterclockwise rotation of the 
complex plane by an angle of 0. 


Imaginary axis 


—4 43 42 \ 41-7 \ 1 2 3 4 Real axis 


Figure 20.2. Rotation of C by z = e(/®! 


Let’s start off understanding group actions by proving that every element of G de- 
fines not just a function, but a permutation of X. 


Theorem 20.4. Let X be a G-set. Then for each g € G, the function o, : X —> X given 
by og(x) = gx isa element of Sx, and the subset of all such permutations is a subgroup of 
Sy. 


What we’d also like to be able to prove is that all such o, form a subgroup isomor- 
phic to G. Unfortunately, that need not be the case, as the following two examples 
show. 
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Example 20.5. For any group G and any set X, define the action of every element in 
G to be the identity permutation 1; that is, define gx = x for all g € G. This is trivially 
an action of X by G, and the subgroup of all the permutations of X that G defines is 
simply the trivial subgroup {c} of Sy. 


Example 20.6. Here’s a much more interesting and relevant example of how group 
actions work. Let G = Rand X = C, and define the action of X by G as xz = elXz, 
for x € R,z € C. Then just as before, R acts on C by clockwise rotation by an angle 
x. Hence, the subgroup of all such permutations of C is isomorphic to U, and not to R. 
But this is because each real number does not define a different permutation of C. For 
instance, the real number x = 27 defines the same permutation as the real number 
x = 0: they’re both the identity rotation! 


What we really would like is for G to act on X without “duplication” that is, we'd 
like each g € G to define a permutation of X different from all other elements of G. 
Let’s clarify this idea and see how we can refine an action to avoid duplication. 


Theorem 20.7. Let X be a G-set, and define a function : G > Sx by $(g) = og, where 
Og(x) = gx. Then ¢ is a homomorphism with Ker(¢) = {g € G| gx = x forall x € X}. 
Furthermore, ¢ is injective if and only if 0, # t forall g # e, where € Sx is the identity 
permutation and e € G is the identity of G. 


Definition 20.8. If G acts on X, then we say that G is a faithful action on X, or that G 
acts faithfully on X, if and only if whenever gx = x for all x € X, then g = e, where e 
is the identity of G. 


In other words, faithful actions are those where every non-identity element of G 
acts in a non-trivial way on X, and where no two distinct element of G can act on X 
in exactly the same way. If a group fails to act faithfully, though, we can essentially 
“replace” G with a group that acts faithfully in the same way. Make sure you prove that 
the action defined in the next theorem is a well-defined action! 


Theorem 20.9. Let X be a G-set and $ : G — Sy be the homomorphism given by 
P(g) = Oy, where o,(x) = gx. If K = Ker(¢), then G/K acts faithfully on X by 
(gK)x = gx. 


Exercise 20.10. In each exercise, determine if the given rule is a valid action of G on 
the set X. For those that are valid group actions, which act faithfully on X? 


(1) X=R, G=Z.. Define the action ofn € Gon x EX by (-1)"x. 


(2) X=R, G=Z. Define the action ofn € Gon x €X bynx. 
(3) X = {1,2,...,n}, G=D,. Define the action of o € Gonx €X by a(x). 
(4) X=R”", G=GL,(R). Define the action of A € Gonv €X by Av. 


(5) X=R*, G=ZxzZ. Define the action of (m,n) € Gon (x, y) € X by (x+m, y+n). 


(6) X = R*, G = ZXZ,. Define the action of (m,n) € Gon (x,y) € X by 
(x + m,(—1)"y). 
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20.2 Orbits and stabilizers 


Given an action ofa group G ona set X, we'd like to know exactly how the group acts on 
a given element. That is, if we pick a specific x € X, and let every single group element 
g € Gact on X, wed like to know where all those elements send x. This simple idea is 
the parallel idea of the orbit of an element of a particular permutation. 


Definition 20.11. Let X be a G-set and x € X. The orbit of x under G is the set 
Gx = {gx | g € G}. The set of all orbits under G is denoted X/G. 


Exercise 20.12. In each exercise, a G-set X is given. Identify the elements in the spec- 
ified orbits. 


(1) X=C, G= Rand theaction of x € Gonz € X is given by ez. Identify the 
elements in the orbits G1, G2, Gi, and GO. 


(2) X =R, G=Z,and the action ofn € Gon x € X is given by (—1)"x. Identify 
the elements in the orbits GO, G5, and G (-3). 


(3) X = {1,2,...,n}, G = D,, and the action of o € G on x € X is given by a(x). 
Identify the elements in the orbits G1 and Gn. 


(4) X = R?, G=GL,(R). Define the action of A € Gon v € X by Av. Identify the 
elements in the orbits G | } | and GO. 


(5) X=R*, G-=ZxzZ. Define the action of (m,n) € Gon(x, y) € X by (x+m, y+n). 
Identify the elements in the orbits G(0, 0), G (1, )> andG (5. 1). 


(6) X = R*, G = ZXZ,. Define the action of (m,n) € Gon (x,y) € X by 
(x + m,(—1)"y). Identify the elements in the orbits G(0, 0), G (1, 5)» and G (5 1). 


Please note that the orbit of x under G is a subset of X. It’s all the elements in X 
that you can get to by the action of G on x. In fact, orbits of a group action are very, 
very nice. 


Theorem 20.13. Let X be a G-set. 
(1) x € Gx forall x € X, and if Gx, Gy € X/G, then either Gx = Gy or Gx NGy = 9. 


(2) The relation X given by, “x ~ yifand only if gx = y forsome g € G,” is an equivalence 
relation on X whose equivalence classes are the orbits of the elements of X under G. 


Corollary 20.14. Let X a finite G-set. If {Gx,, Gx, ...,Gx,} are the n distinct orbits in 
X/G, then |X| = 93", |Gxil. 


This theorem really ought to remind us of a similar theorem relating the cosets 
of a subgroup. In fact, we used the same notation G/H to denote the set of cosets of 
a subgroup. Does this mean that when we’ve been dealing with cosets, we’ve had a 
group action all along? 


Exercise 20.15. Let G be a group and H be asubgroup of G. Define the action of h € H 
ong €Gby gh", Verify that this is, in fact, a faithful action on G by H, and describe 
what the orbit of an element g € Gis. Then repeat this exercise with the action of 
heHongeGbyhg. 
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Just like the orbits of a single permutation, then, the orbits of an element under a 
group action partition the set nicely. However, groups can act on a set in very compli- 
cated ways, and it’s not always clear exactly what a given g € G will do toa particular 
element x € X. Even if an action is faithful, not every element of X will be moved by 
a nontrivial group element of G. Depending on the way the group acts on a set, you 
may get many, many orbits or very, very few. Those actions for which there is only one 
orbit are special, so we give them a name. 


Definition 20.16. Let X be a G-set. Then G is a transitive action on X if and only if 
there is only one orbit under G. That is, G acts transitively on X if and only if for every 
x,y EX, there exists g € G such that gx = y. 


Exercise 20.17. Which of the actions in Exercise are transitive, if any? 


The other extreme, of course, are those elements x € X that are never moved at all 
- those orbits that have exactly one element. Similarly, for each element x € X, there is 
always some element in the group that doesn’t move x. Let’s see what we can discover 
about such elements of G. 


Theorem 20.18. Let X be a G-set, and let x € X. The set G, = {g € G|gx = x}isa 
subgroup of G. 


Definition 20.19. Let X be a G-set, and let x € X. The set G, = {g € G| gx = x}is 
called the stabilizer subgroup of x or the isotropy subgroup of x. 


It can be hard to remember the difference between an orbit of an element x € X 
and the isotropy subgroup of an element x € X, especially since they use a similar 
notation. As a reminder, Gx means, “see all the places that the entire group G sends 
x,” while G, means “find all the elements in G that don’t move x at all.” One (Gx) is a 
subset of X; the other (G,,) is a subgroup of G. 


Exercise 20.20. In each exercise, a G-set X is given. Find the specified stabilizer sub- 
groups in the given G-set X. 
(1) X=C, G= Rand theaction of x € Gonz € X is given by ez. Identify the 


elements in G,, G2, G;, and Go. 


(2) X =R, G = Z,and the action ofn € Gonx € X is given by (—1)"x. Identify 
the elements in Gp and Gj}. 


(3) X = {1,2,...,n}, G = D,, and the action of o € Gon x € X is given by a(x). 
Identify the elements in G, and G,. 


(4) X = R’, G=GL,(R). Define the action of A € Gon v € X by Av. Identify the 
elements in Gri) and Go. 
0 


(5) X=R*, G=ZxzZ. Define the action of (m,n) € Gon(x, y) € X by (x+m, y+n). 
Identify the elements in Gig 9) and a i: 
22 


(6) X = R*, G = ZXZ,. Define the action of (m,n) € Gon (x,y) € X by 
(x + m,(—1)"y). Identify the elements in Gio.) and ce 1 ) 
92 
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For each x € X, the stabilizer subgroups identifies those group elements that don’t 
move x. There’s a very important relationship between stabilizers and orbits, as the 
following theorem describes. As a reminder, recall that the index of a subgroup H < G 
is the number of left cosets of H in G and is denoted |G : H|. 


Theorem 20.21 (Orbit-Stabilizer Theorem). Let X be a G-set. Then |Gx| = |G : G,| 
for all x € X, and if G is a finite group, then for every x € X, we have |G| = |Gx| - |G,|. 


Corollary 20.22. Let X be a G-set, where |G| = p” for some prime p and some integer 
n> 0. Ifx EX, then |Gx| = p™ for some integerO <m< n. 


Animmediate corollary of this theorem is one of the most important in the subject, 
one which you learned way back in Chapter bt Lagrange’s theorem! Let’s prove this 
monumental theorem using group actions this time. 


Lemma 20.23. Let G be a group and H < G. Then the action of G on G/H given by 
g(aH) = (ga)H is a well-defined group action. 


Theorem 20.24 (Lagrange’s Theorem). Let G be a finite group and H < G. Then |H| 
divides |G|, and |G| = |G : H| - |H|. 


20.3 Counting orbits 


One of the nicest applications of group actions is a theorem due to Cauchy and Frobe- 
nius. This theorem was included in a book written by Burnside, and has often been 
called Burnside’s Lemma, but we'll refer to it as the Cauchy-Frobenius Counting For- 
mula. Let’s first define two useful subsets of X. 


Definition 20.25. Let X be a G-set, and let g € G. The invariant subset of X under 
g is the set X, = {x € X | gx = x}, and the invariant subset of X under G is the set 
Xg ={x EX |gx =x forallgeGh= [ae 

gE 


Hence, where the stabilizer of a point x € X is the subgroup G,, of all group ele- 
ments that fix x, the invariant subset of a group element g € G is the subset X, of X 
whose elements g fixes, and Xg is the subset of X that isn’t moved by anything in G. 
While these objects are clearly related, it’s important to make sure you can distinguish 
between them: G,, is a subgroup of G; but Gx, Xzg, and Xq are subsets of X. However, 
there’s a natural relationship between the stabilizer subgroup G,, and the invariant sub- 
set X, which leads to a powerful counting theorem. 


Aside. You might ask why we don’t also have a stabilizer subgroup Gy for all of the set 
X, like we do for the invariant subsets of X. Well, let’s go ahead and define 
Gx = {g € G|gx = xforallx € X}. If the action of G on X is faithful, then all 
we get is Gy = {e}. On the other hand, if the action isn’t faithful, then recall that we 
can “replace” G with G/Gx, which is a faithful action. This subgroup has interest in 
many contexts, but it won’t have any bearing on what we'll encounter here. 


Theorem 20.26. Let X be a finite G-set. If Gx,, Gxz...,Gx,, are the elements of X/G 
with more than one element, then |X| = |Xg| + a |Gx;. 
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Corollary 20.27. Let X be a finite G-set, where |G| = p” for some prime p and some 
integer n > 0. Then |X| — |X¢| is a multiple of p. 


Let’s now see how we might use this to explore the relationships between the in- 
variant subsets X, and the isotropy subgroups G,. 


Lemma 20.28. Let X be a G-set, where both X and G are finite. Then 
DiseG |Xp| = eee |G,|. 


Theorem 20.29 (Cauchy-Frobenius Counting Formula). Let X be a G-set, where both 
X and Gare finite. Then |X/G| = Cee Xgl) /IGl. 


The applications of this theorems are varied and numerous. Here’s just one exam- 
ple; the rest will be left as fun exercises! 


Example 20.30. Let’s construct a 6-sided die, but instead of using the numbers 1 
through 6 to mark the faces of the die, we'll only use numbers 1 through 4. Of course, 
this means we'll allow numbers to be repeated, and we don’t have to use all four num- 
bers either. How many different dice can we form? 

The key to this problem is to identify what is meant by “different.” What is meant, 
here, is that two dice are marked the same if there’s a rotation of the cube that matches 
the markings of the sides. For each side of the cube, we have 4 choices, so there are 
4° ways to mark a fixed cube. That’ll be our set X: the set of all 4° ways to mark our 
cube. Many of these will be the same under a symmetry of the cube, so we need to 
find |X/G|, where G is the group of the symmetries of a cube. The Cauchy-Frobenius 
Counting Formula tells us that we need to know the size of the group G, along with the 
size of the invariant subsets of X under each element of G. 

The rotational symmetries of a cube can be organized as follows: 


(1) We can rotate a cube about an axis passing through two antipodal vertices. There 
are four such axes, and for each axis, we can rotate the cube by 0, 27/3, and 47/3. 
Hence, there are a total of eight nontrivial, distinct rotations of this type. 


(2) We can rotate a cube about an axis passing through the midpoints of two antipodal 
edges. There are six such axes, and for each axis, we can rotate the cube by 0 or z. 
Hence, there are a total of six nontrivial, distinct rotations of this type. 


(3) We can rotate a cube about an axis passing through the centers of two antipodal 
faces. There are three such axes, and for each axis, we can rotate the cube by 

0, 7/4, 2/2, and 37/4. Hence, there are nine nontrivial, distinct rotations of this 

type. 

Hence, there are a total of 23 nontrivial rotations about an axis of symmetry; when 
we then include the trivial rotation, we have a total of 24 symmetries that preserve the 
orientation of the cube. Let’s begin our analysis of our problem using only this group 
acting on the cube. 

For each symmetry, though, we don’t need to know the orbits. Rather, we need to 
know the size |X,| of the subset of X left invariant by the action of a symmetry o of this 
group. We'll analyze each rotation in turn. 


(1) For the identity 1, each marked cube is left invariant, so |X,| = 4°. 
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(2) For a nontrivial rotation through a pair of antipodal vertices, the markings of the 
cube are left invariant only when the three faces incident to either of the vertices 
on the axis have identical marks. There are 4 choices of markings for each such 
trio of faces, and there are two trios of such faces, so there are 42 such cubes for 
each of these eight rotations. 


(3) For a nontrivial rotation through a pair of antipodal midpoints of edges, the mark- 
ings of the cube are left invariant only when the two faces incident to either edge 
have identical marks and the other two faces have identical marks. There are 4 
choices of markings for each such pair of faces, and there are three pairs of such 
faces, so there are 4° such marked cubes for each of these six rotations. 


(4) For a nontrivial rotation through a pair of antipodal centers of faces, the marking 
of the cube are left invariant depending on the rotation itself. If the rotation is ei- 
ther 77/4 or 37/4, then the two faces through which the axis passes can be marked 
in any fashion, but the other four sides must all be the same. Hence, there are 4 
such such marked cubes invariant for each of these six rotations. If the rotation is 
by 7/2, then while the two faces through which the axis passes can still be marked 
in any fashion, only the other two pairs of antipodal sides need to be marked iden- 
tically. Hence, there are now 44 such invariant markings of the cube for these three 
rotations. 


With all this analysis, we can now compute |X/G|, the number of distinct ways to 
mark a cube with four numbers: 


|X/G| = @ rl) Na 


xEG 
= (4° +8-4474+6-4+46-4343-44)/24 
= (44(44 +2+6+6+4+3-4))/24 
= 240 


Thus, there are 240 distinct ways to mark a cube with the numbers 1-4. 


Exercise 20.31. Answer each of the following questions using the Cauchy-Frobenius 
Counting Formula, even if you see a more direct way to do it. You can always compare 
your answers with a simpler way, if there is one! 


(1) A large round table seats 8. Each chair will be occupied by either a man or a 
woman. How many different arrangements of men and women can occur, con- 
sidering rotations of the table as the only way for arrangements to be the same? 
What if we also include reflections of the table? 


(2) A regular hexagon has its sides colored with one of 5 possible colors. How many 
different ways can the hexagon be colored when only rotations are used for sym- 
metry? What about when both reflections and rotations are used for symmetry? 


(3) The edges of a regular tetrahedron are to be marked with the numbers 1-3. How 
many different ways are there to mark the edges, considering only rotational sym- 
metry? 
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(4) An octahedron is a regular polyhedron with eight sides, each of which are equi- 
lateral triangles. The rotational symmetries of the octahedron consists of various 
rotations around the following axes: 


(a) The three axes through antipodal vertices; 
(b) The six axes through the midpoints of antipodal edges; 
(c) The four axes through the centers of antipodal faces. 


How many different ways are there to color such an octahedron with 4 colors, when 
only rotations are used for symmetry? 


The Sylow theorems 


21.1 The class equation 


We now turn our attention to one of the most important questions in group theory: to 
what extent does the order of a finite group dictate its subgroups? We've seen a key 
example of this: Lagrange’s theorem states that if H < G, and G is finite, then |H| 
divides |G]. On the other hand, we’ve also seen that its converse is false: the group Ay 
has 12 elements, yet it does not have a subgroup of order 6. 

We've also seen time and again how primes are key players in theorems involving 
groups. Perhaps the fact that 6 isn’t prime is the issue, so maybe we should ask question 
about subgroups of prime order. Our intention is to use group actions to help us, but 
what exactly should our set X be, and what kind of action should we look for? 


Theorem 21.1. Let G be a group. Then conjugation is a group action of G on itself, and 
if G is nontrivial, then this action is never transitive. 


This particular group action, conjugation, is so important that its orbits are given 
special names. 


Definition 21.2. Let G act on itself by conjugation, and let a € G. Then the orbit 
Ga = {gag~!| g € G} of a under conjugation is called the conjugacy class of a. 


Exercise 21.3. Since conjugation isn’t interesting for abelian groups, we’ll have to in- 
vestigate conjugacy classes for nonabelian groups. Hence, let G = GL,(R), and de- 


scribe the conjugacy classes for the elements A = le and B = i Hf Are any 


= 0 -1 Pa iy Gi 
a=[t Yes ohe=[o abo[ a 


in the conjugacy class of A or B? Which one(s), if any? 


of 


If the orbits have special names, what about the isotropy subgroups? The isotropy 
subgroup G, of a under conjugation is simply the subgroup G, = {g € G| gag = a}, 
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of course. By rewriting this, though, we recognize this subgroup from our previous 
work in group theory: G, = {g € G|ga = ag} = C(a), the centralizer of a in G. 
Combining this with the Orbit-Stabilizer theorem, we have a nice summary set of facts 
to work with. 


Theorem 21.4. Let G be a finite group, and let G act on itself by conjugation. 
(1) a € Z(G) if and only if the conjugacy class of a is {a}. 

(2) a € Z(G) ifand only if G, = G. 

(3) |Ga| = |G : C@)|. 


So far, none of these facts by themselves are particularly deep. All we’ve really 
done is simply apply the theory from Chapter 2 to the action of conjugation. When 
we put all these facts together, though, we get an important equation that helps us 
count orbits. 


Theorem 21.5 (The Class Equation). Let G be a finite group that acts on itself by con- 
jugation. If Gx,, Gx2,...,GX, are the n distinct conjugacy classes of the noncentral ele- 
ments of G, then |G| = |Z(G)| + pe IG : C(x%)I. 


As a really, really nice application of the class equation, try this truly fabulous 
result. 


Theorem 21.6. If G is a group with order |G| = p” for some prime p and some integer 
n > 0, then Z(G) is nontrivial. 


Corollary 21.7. If G is a group with order p* for some prime p, then G is either cyclic or 
isomorphic to Z, x Zp. 


This result is deeper than you might think. Up to this point, the only connection 
we had to completely classifying finite groups of a certain order were if we knew the 
group was abelian. In that case, the Fundamental Theorem of Finite Abelian Groups 
dictates all the options. But this theorem says that just knowing that the order is p* 
forces the group to be abelian, and that there are two and only two possible groups it 
can be. Before you get too hopeful, though, there are nonabelian groups of order p* for 
each prime p (in fact, there are exactly two nonisomorphic groups of order p?). Hence, 
rather than trying to classify all groups of prime power order, we’ll keep our focus on 
investigating subgroups of finite groups. 


Aside. If you’re really curious what those two nonabelian groups of order p° are, then 
you'll need to develop many more techniques than this book will provide you. But 
in the case of the two nonabelian groups of order 8, we already know one of them: 
D,. The other one can be described in several ways, but Cayley’s theorem says that 
it can be understood as a subgroup of Sg, so let’s list it in that manner. It’s called the 
quaternion group of order 8, notated Qg, and it’s the subgroup of Sg generated by the 
four permutations 


{(1, 2)(3, 4)(5, 6)(7, 8), (1, 3, 2, 4)(5, 7, 6, 8), (1, 5, 2, 6)(3, 8, 4, 7), (1, 7, 2, 8)(3, 5, 4, 6)}. 
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You can verify that it’s not abelian and has only one element of order 2 but six elements 
of order 4, so that it’s not isomorphic to D4 (which has five elements of order 2 but only 
two elements of order 4). What’s not clear is why every nonabelian group of order 8 is 
isomorphic to one of these two groups. Discover why on your own! 


21.2 The normalizer 


Just how far can we take this conjugation idea? For instance, conjugation plays a role 
in detecting normal subgroups. Can we get anything if we let a group G act on its 
subgroups by conjugation? Is that even a valid group action? 


Theorem 21.8. Let G be a group and X be the set of subgroups of G. Then conjugation 
by elements of G on the elements of X is a group action. 


What’s interesting about this particular group action are its isotropy subgroups. 
For instance, if H is a normal subgroup of G, then the isotropy subgroup Gy, is all of G, 
since that’s the definition of a normal subgroup of G. What can we say in general? 


Theorem 21.9. Let G be a group, and let G act on the set of subgroups of G by conjugation. 
IfH <G, then H < Gy. 


Definition 21.10. Let G be a group, and let H < G. The normalizer of H in G is the 
subgroup N(H) = {g € G| gHg—! = H} and is the isotropy subgroup of H when G acts 
on its subgroups by conjugation. 


In other words, the normalizer of a subgroup H of G is the largest set of elements in 
G that make H “look” like a normal subgroup. The theorem above shows that indeed, 
H is anormal subgroup of its normalizer. It’s also obvious that if H is already normal, 
then its normalizer is all of G. What’s not obvious is whether or not H = N(H), and in 
general, the normalizer of H need not be larger than H. Finally, don’t make the classic 
mistake that N(H) is a normal subgroup of G. All the normalizer does for you is create 
the largest subgroup of G of which H is a normal subgroup. You can, for instance, take 
the normalizer of N(H), and then its normalizer, etc. 

Of course, under this action, the orbits of a subgroup H of G are simply all the sub- 
groups of G to which H is conjugate. Hence, we’ll define those orbits as the conjugacy 
classes, just as we did when G acted on itself by conjugation. Unfortunately, this time 
there’s no natural formula similar to the class equation. Instead, we'll simply get some 
useful facts about the normalizer that we might need later on. 


Theorem 21.11. Let G be a finite group and H < G. If ghg-! € H forall h € H, then 
g © N(A). 


Theorem 21.12. Let G bea finite group and H < G. Then the number of subgroups of 
G that are conjugate to H is |G : N(H)|, which divides |G]. 


21.3 The Sylow theorems 


We're almost ready to prove the first major result of the chapter, which is to find sub- 
groups of prime power orders. Let’s start with the abelian case and work our way up. 


164 Chapter 21. The Sylow theorems 


The first theorem is a very famous theorem which might be useful in a proof by induc- 
tion for the second one. You also might go back and look at Section 6.3] on subgroups 
of quotient groups. 


Theorem 21.13 (Cauchy’s Theorem for Abelian Groups). Let G be a finite abelian 
group and pa prime divisor of |G|. Then G has an element of order p. 


Theorem 21.14 (The First Sylow Theorem for Abelian Groups). Let G be a finite 
abelian group, with |G| = p” - m for some prime p and integer m relatively prime to 
p. Then there exists a subgroup of G of order p* for every integer 0 < k < n, and every 
subgroup of order p* with k < nis contained in a subgroup of order p**?. 


This really gives some incredibly precise structure on subgroups of prime power 
order. In fact, there’s a curious property of a subgroup of largest prime power order for 
a given prime. The following lemma suggests an approach to the theorem that follows, 
and you might want to keep this lemma handy for the non-abelian case as well. 


Lemma 21.15. Let G be a group and H, K subgroups of G. Then left multiplication of 
the elements of G/H by K, so that k(gH) = (kg)H, is a group action of K on G/H. 


Theorem 21.16. Let G be a finite abelian group, with |G| = p" -m for some prime p and 
integer m relatively prime to p. Then G has a unique subgroup of order p”. 


These special-case theorems provide some insight for an approach to proving the 
general case. 


Theorem 21.17 (Cauchy’s Theorem). Let G be a finite group, and let p bea prime divisor 
of |G|. Then G has an element of order p. 


Exercise 21.18. Find all elements of all prime orders in the given group G. 


(1) G=Z) (4) G=D, 
(2) G=Z,xZ,xZ, (5) G=D. 
(3) G=Ay (6) G=As 


Theorem 21.19 (The First Sylow Theorem). Let G be a finite group with |G| = p”-m 
for some prime p and integer m relatively prime to p. Then there exists a subgroup of G 
of order p* for every integer 0 < k < n, and every subgroup of order p* with k < nis 
contained in a subgroup of order p***!. 


Before we proceed further, since these subgroups of prime power order keep oc- 
curring and reoccurring, they deserve a name to identify them. 


Definition 21.20. Let G be a group and pa prime. We say G is a p-group if and only 
if every element of G has order a power of p. If H is a subgroup of a group G and is a 
p-group, then we say H is a p-subgroup of G. A p-subgroup of G that is not properly 
contained by any p-subgroup of G is called a Sylow p-subgroup of G. 


Exercise 21.21. Show that for finite groups (and subgroups), p-groups (and 
p-subgroups) are exactly the same as groups (and subgroups) of prime-power order. 
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Thus, the first Sylow theorem states that for every prime power divisor of a group 
G, there’s a p-subgroup of that order. In particular, if |G| = p” -m with p prime and m 
relatively prime to p, then a Sylow p-subgroup is a subgroup of order p”. Furthermore, 
for every prime divisor of G, there’s a Sylow p-subgroup of G, and every non-Sylow 
p-subgroup is properly contained by another p-subgroup of G. However, unlike the 
abelian case, there need not be a unique Sylow p-subgroup. Let’s see how the Sylow 
p-subgroups relate, if at all. This might be a great time to use Lemma on left 
multiplication of cosets as a group action! 


Theorem 21.22 (The Second Sylow Theorem). Let G be a finite group. If H, and H, 
are two Sylow p-subgroups of G, then H, and Hp, are conjugate subgroups. 


Corollary 21.23. Let G be a finite group. Then G has a unique p-Sylow subgroup if and 
only if any Sylow p-subgroup of G is normal. 


Consequently, in the likely event that our Sylow p-subgroups aren’t normal, we’d 
like to count them, if possible. That’s the content of the third and final Sylow theorem. 
You might benefit from looking at Theorem 21.12|first, since all Sylow p-subgroups are 
conjugate. 


Lemma 21.24. Let G bea finite group and X be the set of all Sylow p-subgroups of G. If 
a Sylow p-subgroup of G acts on X by conjugation, then K € Xj, ifand only if H < N(K). 


Theorem 21.25 (The Third Sylow Theorem). Let G be a finite group. Then there are 
kp + 1 Sylow p-subgroups of G for some integer k > 0, and this number divides |G]. 


And there we have it! The Sylow theorems are a marvelous achievement in de- 
scribing the structure of finite groups. This really is just about the best converse to 
Lagrange’s theorem we have. You'll get every possible p-subgroup possible, all Sylow 
p-subgroups are conjugate, and you can nearly get a count on the number of Sylow 
p-subgroups. That’s incredible! 


21.4 Applications to simple groups 


With such power at our command, we really ought to find a meaningful way to use 
them to describe groups whose order has certain specified forms. For instance, even 
before the Sylow theorems we proved that every group of prime order is cyclic, and 
every group of order a square of a prime is either cyclic or the direct product of cyclic 
groups. Consequently, for any prime p, all groups of order p or p* are abelian, the 
groups of order p are simple, and the groups of order p” are not. 

Let’s run with this idea and inquire about which finite groups are abelian, simple, 
etc. That’s a tall order, and there’s no way we'll even come close to answering this 
questions. For instance, we know the description of all finite abelian groups, given by 
the Fundamental Theorem of Finite Abelian Groups. But the description of all finite 
simple groups was a major accomplishment in the history of mathematics which took 
over 150 years to complete. For instance, there’s a famous simple group called the 
Monster Group that has order 2*¢ - 32°. 5°. 7°-117-133-17-19-23-29-31-41-47-59-71. 
Look up the history of finite simple groups online and see how mathematicians have 
classified these important groups! 
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For us, we'll study special cases and see what we can learn for groups with partic- 
ularly nice orders. Let’s start with a useful lemma that might help us out. 


Lemma 21.26. Let G be a group and H,K < G. If HK = {hk|h € H,k € K}, andH 
and K are finite, then |HK| = |H||K|/|H n K|. 


Theorem 21.27. Let G be a group of order p"q™, where p and q are distinct primes with 
p” < qandm > 0. Then G has a unique Sylow q-subgroup. 


Theorem 21.28. Let G bea p-group. Then |Z(G)| > 1. Furthermore, if |G| = p* for 
k > 1, then G is not simple. 


Example 21.29. Suppose we'd like to know whether all groups of a given order are 
simple or not. Of all the integers from 1 to 60, there are only a few groups of that order 
that aren’t covered by the theorems above. The trivial group and all groups of prime 
order are simple, so that takes care of groups of orders 1, 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 
31, 37, 41, 43, 47, 53, and 59. Groups whose orders are of the form p"”q™, with p and 
q prime with p” < qand m > Oare not simple, so that takes care of groups of orders 
4, 6, 8, 9, 10, 14, 15, 16, 18, 20, 21, 22, 25, 26, 27, 28, 32, 33, 34, 35, 38, 39, 44, 46, 49, 
50, 51, 52, 54, 55, 57, and 58. Hence, we’re left with only a handful of orders of groups 
that need attention: 12, 24, 30, 36, 40, 42, 45, 48, 56, and 60. But we know that A, isa 
simple group of order 60, and that Z¢, is a non-simple group of order 60, so we’re done 
with groups of that order. The following two examples give you some ideas of how to 
deal with these other nine; the other seven are for you to do on your own. 


(1) Suppose G is a group of order 12. Then by the third Sylow theorem, there are 2k+1 
Sylow 2-subgroups, which have order 4, and there are 31 + 1 Sylow 3-subgroups, 
which have order 3, and both 2k +1 and 31+1 are divisors of 12. Now, if there is ei- 
ther a unique Sylow 2-subgroup or a unique Sylow 3-subgroup, then that subgroup 
is normal, and thus G would not be simple. But since 3/+ 1 must divide 12, then the 
only integers of that form are 1 and 4. If there is 1 Sylow 3-subgroup, we're done. 
So, assume that there are 4 Sylow 3-subgroups of G. Each such subgroup is cyclic of 
order 3, which means that the intersection of any two different Sylow 3-subgroups 
is {e}. Thus, we have a total of 9 distinct elements from these 4 Sylow 3-subgroups: 
the common identity element, and the two distinct non-identity elements in each 
of the four Sylow 3-subgroups. But each element of a Sylow 2-subgroup has order 
a power of 2, so only the identity element from any Sylow 3-subgroup can belong 
to any Sylow 2-subgroup. Since the order of a Sylow 2-subgroup of G has order 4, 
the identity element along with the remaining 3 elements of G must constitute the 
one and only Sylow 2-subgroup. Thus, the Sylow 2-subgroup of G is normal, and 
therefore a group of order 12 is not simple. 


(2 


we 


Suppose G is a group of order 24. Then by the third Sylow theorem, there are 2k+1 
Sylow 2-subgroups, which have order 8, and there are 31 + 1 Sylow 3-subgroups, 
which have order 3, and both 2k + 1 and 3! +1 are divisors of 24. We'll focus on the 
Sylow 2-subgroups. Since 2k + 1 must divide 24, then there are either 1 or 3 Sylow 
2-subgroups. If there’s only 1, then it’s unique and thus normal, and hence G is not 
simple. So, assume that there are 3 Sylow 2-subgroups, each of which has order 8, 
and let T,, T; be two different Sylow 2-subgroups. We will use Lemma 1.24to help 
us get a bound on the size of |T, nN T,|. 
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So, by Lemma 1.26, |T, Tz| = |T;||T2|/|.N Z| = (8-8)/|T.N TI. Since T; T, is a sub- 
set of G, then there can be at most 24 elements in that set. Hence, 
64/|T, N T,| < 24, which means that |T, N T;| > 3. But T, n T, is a subgroup of 
both T, and 7), and thus it is a group of order 2”, and since T; and T, are distinct, 
then |T, N T,| < 8. Thus, we conclude that |T, n T;| = 4. 

The main point of this computation is to notice that |T, : T,NT>| = |T, : T, NT>| = 2. 
Since subgroups of index 2 are normal subgroups, we have that T, nN T, <1 T, and 
T, NT, dT. Is T, NT, normal in G itself? Let’s compute the normalizer N(T, N Tp) 
and see what we can determine. Well, T, C N(T, N T,) and T, C N(T, NT), and 
since |T; N T,| = 4, then |T, U T,| = 12, so that |N(T, N T,)| > 12. However, by 
Lagrange’s theorem, |N(T, N T,)| is a divisor of 24, which means that |N(T, N T,)| is 
either 12 or 24. If|N(T,NT,)| = 12, then|G : N(T,NT))| = 2 and thus N(T,NT,)<1G; 
if |IN(T, N T,)| = 24, then N(T, nN T,) = G and thus T, N T, <1G. In either case, G is 
not simple. 


Exercise 21.30. Suppose G is a group of the given order. Prove that G is not simple. 
(1) |G| = 40 (2) |G| = 42 (3) |G| =45 

Exercise 21.31. Suppose G is a group of the given order. Prove that G is not simple. 
(1) |G| = 30 (2) |G| = 56 

Exercise 21.32. Suppose G is a group of the given order. Prove that G is not simple. 
(1) |G| = 36 (2) |G| = 48 


What we’ve now done is show that the only groups with order less than 60 that are 
simple are Z, for p a prime, and that for groups of order 60, there are both simple and 
nonsimple groups. Since trying to classify all finite simple groups isn’t feasible at this 
level, let’s close by at least classifying groups of certain orders. 


Lemma 21.33. Suppose G is a group and H and K are normal subgroups such that 
HK = {e}. 

(1) The set HK = {hk |h € H,k € K}isa normal subgroup of G. 

(2) Ifh € Handk € K, then hkh-!k—! = e, so that hk = kh forallh E H,k € K. 

(3) IfHK =G, then¢ : HX K = G given by $(h, k) = hk is an isomorphism. 


Theorem 21.34. Suppose G is a finite group of order |G| = pq, where p and q are distinct 
primes with p < q. If p does not divide q — 1, then G is cyclic. 


This little theorem leaves one rather large question hanging: what if p does divide 
q—1? In that case, many things can happen. But there’s one special case, when p = 2, 
that brings us back to one of the central examples of a nonabelian group. 


Theorem 21.35. Suppose G is a group of order 2p, where p is an odd prime. Then G is 
isomorphic either to Zp or to Dp. 
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Exercise 21.36. You now have the ability to completely classify huge swaths of finite 
groups. For each group of orders 1 through 60, use all your knowledge about groups 
to classify all groups of those orders as best you can. Specifically, you can classify all 
groups of the following orders: p and p”, where p is prime; pq with p, q primes with 
p < qand p not dividing q — 1; and 2p, with p an odd prime. Enjoy! 


Appendices 


Relations and functions 


A.1 Equivalence relations 


The idea of an ordered pair is among the most powerful and useful constructions in 
all of mathematics. Early on in nearly every math student’s education, ordered pairs 
are used geometrically to identify points in the plane, followed soon after to describe 
graphs of equations. If one looks at the list of the axioms of modern set theory, there 
is an axiom dedicated to the existence of ordered pairs. Rather than take an axiomatic 
view, we'll take as understood what an ordered pair is and proceed from there. 


Definition A.1. Let A and B be sets. The Cartesian product of A with B (or simply, 
the product of A with B), written A x B, is the collection of ordered pairs given by 
AXB={(a,b)|a€A,b € B}. 


This definition can be extended to the Cartesian product of more than two sets by 
defining an ordered n-tuple as an ordered list (a,,...,a,,) of n elements that belong to a 
collection of n sets. Accordingly, given a finite collection {A,,...,A,} of sets, we define 
the product A, x --- x A, to be all ordered n-tuples of the following form: 


A, X-++X Ay = {(Q,.--, Qn) | a; € Aj, i =1,...,n}. 


This won't be used often, as the theorems that you'll prove for the product of two sets 
naturally generalizes to three or more sets, but you will see it in some exercises. 
Finally, there is a common special case when all the sets in the collection are the 
same set A. In that case, we write A” = A x --- x A, so that, for instance, A? = AX A. 
+ -——_’ 


n times 


Aside. Occasionally a student asks if there is a difference between A” x A and A?. Tech- 
nically, the answer is yes: elements of AZ x A are ordered pairs of the form ((a, b), c), 
while elements of A? are ordered triples of the form (a, b,c). However, the only real 
difference is a single set of parentheses: each set’s elements involve three elements of 
A ina fixed order. Mathematicians intentionally treat both sets as the same, and we'll 
do the same, so that A” x A™ = A”*™, 
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Definition A.2. Let X and Y be sets. A relation from X to Y is any subset of X x Y. 
A relation on X is a subset of X* = X x X. 


The best way to interpret this definition is in the context of association. Relations 
are defined when one attempts to describe how elements in one set are related to ele- 
ments in another (or the same) set. Any such relationship is defined precisely in terms 
of ordered pairs: if you wish to relate some element x € X to some element y € Y, 
simply include the ordered pair (x, y) in your collection. The resulting subset of X x Y 
is your relation, and hence the definition is given in this way. 


Definition A.3. Let X be a set. An equivalence relation on X is a relation R on X 
such that the following three properties hold: 


(1) (Reflexive property) For all x € X,(x,x) ER. 
(2) (Symmetric property) For all x,y € X, if (x, y) € R, then (y,x) ER. 


(3) (Transitive property) For all x,y,z € X,if (x,y) € R and (y,z) € R, then 
(x, Z)ER. 


When & is an equivalence relation on X, we write x ~g y (or simply x ~ y) to in- 
dicate that (x,y) € &, and we say that x is related to y. For any x € X, the set 
x = {y €X|x ~ y} is called the equivalence class containing x. 


The concept of an equivalence relation appears frequently in mathematics. For 
instance, algebra, analysis, and number theory all use equivalence relations at some 
point. What makes them so useful is the notion of sameness: given an equivalence 
relation on a set, two elements are equivalent if they are “the same” in some definable 
sense. A classic example of this is the elementary school notion of equivalent fractions: 
the fractions 1/2 and 2/4 are different fractions, but they are “the same” number. We 
codify this idea of sameness in the equivalence classes: when two fractions are the 
same, they belong to the same equivalence class, and vice versa. Hence, you can replace 
a fraction with any other in the same equivalence class, since they’re all “the same.” 
The following exercises are designed to develop your intuition on this idea of sameness 
through equivalence relations. 


Exercise A.4. Verify that the relation ; ~ < if and only if ad = be is an equivalence 
relation on Q. (As mentioned above, this equivalence relation is used as early as ele- 
mentary school.) 


Exercise A.5. Verify that the relation x ~ yif and only if y = x + 27n for somen € Z 
is an equivalence relation on R. (This equivalence relation is used in trigonometry all 
the time, since sine and cosine are periodic with period 27.) 


Exercise A.6. Let X be the set of all functions from R to R, and define f ~ gif and 
only if f — g is a constant function. Verify that this is an equivalence relation on X. 
(This is used in calculus, when we ask students to find “the” integral of a function.) 


Theorem A.7. Let ~ be an equivalence relation on a set X, and let x, y € X. Then x and 
y are either disjoint or equal, and x = y if and only if x ~ y. 
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Exercise A.8. Letn € Z*, and define a relation on Z by a ~ bifand only ifa—b € nZ. 
Prove that this defines an equivalence relation on Z. How many distinct equivalence 
classes are there? Write down those equivalence classes for n = 5. 


Definition A.9. Let n € Z*. Given elements a,b € Z, we say that a is congruent 
to b modulo n if and only if a — b € nZ, and we write a = b mod n. The equivalence 
classes of this equivalence relation are called the congruence classes modulo n. 


Note that by the definition of equivalence class, for any k € Z, the congruence class 
of k modulo n is simply k = {nx +k|x € Z}, and that k = lif and only ifk = nq +1 for 
some q € Z. 


Theorem A.10. Letn € Z+. Then every integer k € Z is congruent modulo n to exactly 
one integer in the set {0,1,...,n — 1}. 


This set in the above theorem occurs often and has a great deal of importance in 
this subject. Hence, let us denote it by Z,, = {0,1,...,n — 1}. 


Definition A.11. Let X be a set. A partition of X is a collection {X;};-; of nonempty 
subsets of X that satisfy the following two properties: 


(Q) UX =x 


ieI 
(2) X; NX; = for all i, j € I where i  j. 
The subsets X; in the collection are called the cells of the partition. 


The following two theorems make a direct connection between partitions and 
equivalence relations on a set X. 


Theorem A.12. Let ~ be an equivalence relation on a set X. Then the collection of dis- 
tinct equivalence classes of the relation forms a partition of X. 


Theorem A.13. Let {X;};<; be a partition of X. Then the relation ~ on X defined by 
x ~ yifand only if there exists a cell X; such that x € X; and y € X; 


is an equivalence relation on X whose equivalence classes are the cells of the partition. 


In other words, equivalence relations partition a set, and every partition of a set 
defines an equivalence relation on that set. 


A.2 Functions 


By far, the most common and important relation between sets is that of a function. 
Whereas a relation is the mathematical way to indicate association between elements, 
a function is a very restrictive such description. The main idea behind a function from 
a set X to a set Y is to require that each element in X be associated to one and only 
one element in Y. Because functions are so fundamental to all of mathematics, the 
list of objects to deal with is somewhat longer than usual. All of these terms appear 
throughout the subject (and this book), so we’ll want to know them really well. 
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Definition A.14. Let X and Y be non-empty sets. A function from X to Y is a relation 
f from X to Y such that for each x € X, there is a unique y € Y such that (x,y) € f. 
We write f : X — Y to indicate that f is a function from X to Y. The set X is called 
the domain of f, and the set Y is called the codomain of f. 


Definition A.15. Let X and Y be nonempty sets, and let f : X — Y bea function 
from X to Y. 


(1) Given x € X, the unique element y € Y such that (x, y) € f is written f(x), called 
the image of x under f. We frequently write (x, f(x)) as the particular element 
of X x Y in the function f whose first coordinate is x. 


(2) When A CX, then the set of all images of elements of A is a subset of Y called the 
image of A under f and is written f(A) = {f(a)|a © A}. The particular subset 
f&) = tf(@|a € X} c Y of all images of elements of X itself is called the range 


of f. 


(3) Ify € Y, then the subset f~!(y) = {x € X| f(x) = y} C X is called the inverse 
image or preimage of y under f. 


(4) If B Cc Y, then the inverse image or preimage of B under f is the subset 
f-\(B) = {x © X| f(x) € B} C X of all preimages of elements of B. 


(5) Suppose f : X — Yandg: Y > Z are functions. The composition of g with f 
is the function go f : X — Z defined by (go f)(x) = g(f(x)). 


Yes, that’s a lot of terminology to absorb. Before we get to some exercises to get us 
familiar with these terms, there are some issues to address concerning these terms. 


(1) Every element of X must appear as the first coordinate at least once in the function. 
When this fails, we say the relation is undefined at x. 


(2) No element of X may appear as the first coordinate more than once in the function. 
When this fails, we say the relation is not well-defined at x. 


(3) Two functions f : X > Y and g : X > Y are equal if and only if f(x) = g(x) for 
all x € X. Notice the difference in notation, though: we write f = g to mean the 
functions are the same, and this occurs only when the images f(x) and g(x) are 
equal for all x € X. 


(4) There are no restrictions whatsoever on how often the elements of Y appear as 
second coordinates in a function, or if they must appear at all. In particular, the 
range ofa function f may be all of Y, a single element of Y, or anything in between. 


(5) The image of a single element is a single element, the image of a subset is a subset, 
and the inverse image of a subset is a subset. 


(6) In contrast, the inverse image of a single element y € Y is a subset of X, namely the 
set of all points whose image is y. In Section we will deal with the important 
special case when the inverse image of every y € Y is a set consisting of a single 
point. 
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Exercise A.16. Four functions from R to R are given below. Identify the range of the 
function, the image of the set [—1,1] under the function, the image of the set [0, 1] 
under the function, the inverse image of the elements —1, 0, and 1 under the function, 
and the inverse image of the set [—1, 1] under the function. 


(1) f(x) =x? (3) h(x) = b 
(2) g(x) =ax+b, a>O (4) k(x) = = when x # 0, and k(0) = 0 


The following little theorem is designed to see if you can play with the notation 
and terminology. 


Theorem A.17. Let f : X > Y,g : Y > Z,andh : Z > W be functions. Then 
ho(gof)=(hog)of. 


Exercise A.18. As a reminder about composite functions, verify that the order in 
which you compose functions matters. That is, find a set X and two functions 
f:X—7xXandg: xX —-X such that fog4#gof. 


A.3 Bijections and inverse functions 


As noted previously, there are absolutely no restrictions on how the elements of Y ap- 
pear in a function f : X > Y, whereas each element of X must appear once and only 
once as a first coordinate in the function. On the other hand, we will be most interested 
in those functions where the elements of Y do behave rather nicely. In particular, we 
have three categories of functions worth discussing. 


Definition A.19. Let f : X — Y bea function. 


(1) We say f is injective or one-to-one if for every y € Y, the equation f(x) = y has 
at most one solution x € X. 


(2) We say f is surjective or onto if for every y € Y, the equation f(x) = y has at 
least one solution x € X. 


(3) We say f is bijective or a one-to-one correspondence if f is both injective and 
surjective. 


When a function is injective, surjective, or bijective, we say the function is an in- 
jection, surjection, or a bijection, respectively. Each of the three terms above describes 
the parallel restrictions on Y that hold for X. That is: 


(1) A function f is injective if and only if each y € Y appears at most once as a second 
coordinate in f. 


(2) A function f is surjective if and only if each y € Y appears at least once as a second 
coordinate in f. 


(3) A function f is bijective if and only if each y € Y appears exactly once as a second 
coordinate in f. 
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Theorem A.20. Let f : X > Yandg: Y —> Z be functions. If f and g are injective, 
surjective, or bijective, then so is go f, accordingly. 


The following is by far the most useful way to understand and use injectivity. 


Lemma A.21. Let f : X — Y bea function. Then f is injective if and only if for all 
a,b € X, f(a) = f(b) implies a = b. 


Bijective functions also have an important property. 


Lemma A.22. Let f : X — Y bea bijection, and let y € Y. Then there is a unique 
element x € X such that f(x) = y. 


We now make a key observation: since a bijection has the same uniqueness prop- 
erties on Y that a function has on X, it’s got to be possible to “reverse” the direction of 
the function to obtain a new function whose domain is Y and whose codomain is X. 
This brings us to our next definition. 


Definition A.23. Suppose f : X — Y isa bijection. The inverse function of f is the 
function f~! : Y > X given by f~1(y) = x, where x is the unique element in X such 
that f(x) = y. 


We are now faced with an unfortunate overuse of notation. Specifically, the no- 
tation for the inverse function given above is the same as the notation used for the 
inverse image of an element, regardless of if f is a bijection. Consequently, confusion 
often appears when the symbol f~1(y) is written: do we mean the set f~'(y), or do we 
mean that f is a bijection and f~!(y) is the unique element whose image is y? The way 
to reconcile this is to note that when f is a bijection, then f~!(y) is a set with a single 
element x such that f(x) = y. Hence, we can always consider f~!(y) as a set, and in 
the case when f is a bijection, so that f~'(y) = {x}, we can say that f~!(y) is always 
defined and f—!(y) = x. 


Theorem A.24. If f : X — Y is bijective, then so is its inverse function f~}. 


We finish our summary of functions by applying our concept of a bijection to the 
idea of measuring the size of a set. Roughly speaking, the cardinality of a set measures 
the “number” of elements in the set. What we need is a model finite set of exactly n 
elements to use for our desire to talk about a set having n elements. 


Definition A.25. Let X be aset. We say X is finite if and only if X is empty or there is 
a bijection f : X > {1,...,n} for some positive integer n. We say that the cardinality 
of X is n in the latter case, and that X has cardinality 0 in the case where X = 9. We 
say X is infinite if and only if X is not finite. 


For ease of notation, we use the symbol |X| to indicate the cardinality of aset. Thus, 
if X has finite cardinality n, we write |X| = n, and if X is infinite, we write |X| = oo. 
The following theorem provides excellent practice using the definitions of cardinality 
and bijections. 


Theorem A.26. Let A and B be disjoint finite sets. Then |A U B| = |A| + |B]. 
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An easy induction shows that this is true for any collection of n pairwise disjoint 
finite sets. 


Corollary A.27. Let A and B be finite sets. Then |A U B| = |A| + |B] — |AN BI. 


Matrices 


B.1 Matrix algebra 


Matrices and their properties play a huge role in abstract algebra, as they exhibit many 
properties that ordinary arithmetic on numbers doesn’t have. It’s therefore necessary 
to have a clear understanding of how the algebra of matrices work, as well as important 
computational properties they have. Let’s begin with the basics. 


Definition B.1. Let m and n be positive integers. An m x n matrix with complex (or 
real, rational, or integer) entries is an ordered set A of numbers arranged in m rows with 
n entries in each row, forming n columns with m entries in each column. The entry 
in the i'* row and j'* column of A is denoted a;,;, and we write A = [a;,;] to denote 
the matrix with those entries. The set of all m x n matrices with complex entries is 
denoted M,,,,(C) and is similarly denoted for matrices with real, rational, or integer 
entries. The matrix in M,, ,,(C) all of whose entries are 0 is called the zero matrix and 
is denoted 0. If m = n, then we say the matrix A is a square matrix. 


There are two typical notations used when writing specific matrices, and there’s 
no difference in meaning when writing either. Specifically, for a matrix A with entries 
aj,j, we write: 


Q17 A2 ** An Qj, 2 "7 An 
Rez 421 2,2 °° Grn )_ | 42,1 2,2 ** Gaon 
am, Qm,2 ee Amn an, Qm,2 ne Amn 


Because matrices are just lists of numbers, we ought to be able to perform some of 
the same computations on them as we would with numbers. That’s true for addition, 
but multiplication is a different issue entirely. Let’s begin with addition and work our 
way up to multiplication. 
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Definition B.2. Let A,B € Mm,,(C), with A = [a;;] and B = [b;,;]. The sum of A 
and B is the matrix A + B € M,,,,(C) whose entry in the i row and j" is given by 
Qi, j as bij. 


More simply, the sum of two m x n matrices A and B is simply the m x n matrix 
formed by adding together the corresponding entries from A and B. Notice, then, that 
you can’t add two matrices unless they have the exact same number of rows and the 
exact same number of columns. It’s the natural way to define a matrix sum. This also 
means that if we want to add the same matrix A to itself k times, we can write kA to 
indicate that sum, and if A = [q; ;], then it’s clear that kA = [kaj ;]. Should we extend 
this idea and allow matrices to be multiplied by any number? 


Definition B.3. Let A € Mj,,,(C) with A = [a,,;]. and let c € C. The scalar product 
of A with c is the matrix cA € My,,(C) whose entry in the i‘ row and j" is given by 
CA; j- 


This isn’t all that shocking. If we want to multiply a matrix by a number (called a 
scalar), simply multiply each entry in the matrix by that number. Again, it’s a natural 
way to define the product of a matrix by a scalar. Just to be complete, let’s list what 
should be some obvious properties of sums and scalar products. 

Theorem B.4. Let A, B,C € M,,,(C), and letc,d € C. 
(1) (A+B)+C=A+4+(B+C). 

(2) 0+A=A+0=A. 

(3) A+B=B+A. 

(4) c(dA) = (cd)A. 

(5) c(A+B)=cA+cB. 

(6) (c+ d)A =cA+dA. 

What remains is how to define the product of two matrices. As tempting as it might 
be to define the product of two matrices by simply multiplying their corresponding 
entries, there are significant unfortunate consequences with this approach. Instead, 


we'll define an odd-looking product using sums and scalar products, and this definition 
will lead to some exceedingly nice properties. 


Definition B.5. Let A © Mmn(C) with A = [a;,;] and B € M,)(C) with B = [b;,;]. 
The matrix product of A with B, written AB, is the m x p matrix whose m entries in 
the j'* column are the corresponding entries in the 1 x m matrix given by 


. Q4,i 1,1 Q1,2 ain 
a2, Q2,1 Q2,2 Q2,n 
bil 2 | = Pg] pea PP ee eae 
= : : : 
Qm,i Qn Qm,2 Amn 


On the other hand, if you prefer an entry-wise definition, the following gives you 
a formula for computing each entry in the matrix product AB. 
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Theorem B.6. Let A € M,,,(C) with A = [a;,,;] and B € M,,,(C) with B = [b,j]. If 
c;,; denotes the entry in the i" row and j* column of AB, then 


n 
Cig = » Ai dy,j = A4,101,5 + Aj,2N2,j +++ + Ai nbn j- 
k=1 


In other words, take the entries in the i‘ row of A and multiply them by the cor- 
responding entries in the j'* column of B. This is sometimes called the row-column 
expansion of AB. Also notice that the product AB isn’t defined for any two matrices. 
This product is only valid whenever the number of columns of A equals the number 
of rows of B. Unlike matrix addition, though, the matrix product isn’t seemingly natu- 
ral. Hence, we do, in fact, have to determine which arithmetic properties hold for this 
operation. 


Theorem B.7. Let A € M,,,(C). 
(1) IfB © My p(C) and C € Mp q(C), then A(BC) = (AB)C. 
(2) IfB © My p(C©), then c(AB) = (cA)B = A(cB) for anyc € C. 
(3) IfB © My g(C) and C € My,,(C), then A(B + C) = AB+ AC. 
(4) If B © Mym(C) and C € My,m(C), then (B+ C)A = BA+ CA. 
(5) 0A =A0=0. 
Compare these properties with those dealing with sums and scalar products. No- 
tice that nearly all of them are found in our list above, with one major difference: there’s 
no property that says AB = BA. It’s not just because the number of rows and columns 


might not be valid for multiplication. Even if both AB and BA were defined, they need 
not be the same. 


Exercise B.8. To emphasize this point, find two 2 x 2 matrices A and B such that AB 
and BA are different. 


On the other hand, don’t take this too far either. There are lots and lots of matrices 
for which AB = BA. It’s just that not all matrices behave this way, and that’s what 
makes this multiplication interesting. There is one very special matrix, though, that 
really needs attention. 


Definition B.9. The n x n identity matrix matrix is the matrix I,, given by 


10 - 0 
01: 0 
In=]. . 2. 
00 - 1 


This special matrix has a key property. 


Theorem B.10. LetA € M,,,(C). ThenI,,A = Aand Al, = A. In particular, ifm =n, 
thenI,A = Al, =A. 
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B.2 Matrix inverses 


So far, we’ve learned how to compute sums and products of matrices, along with some 
basic properties of their arithmetic. The matrix product, however, isn’t defined as natu- 
rally as addition is, so we really need to investigate this unusual operation more deeply. 
For instance, if we wanted to see if we could find a matrix X such that A+ X = 0, then 
we can use our properties to say that X = —1A is such a matrix, and it’s not hard 
to reason out that it’s the only one that works. That’s pretty easy, and we can define 
—A = —1A and talk about subtraction of matrices in this same way: A — B = A+ (—B). 

There’s just no way to do this as easily with matrix multiplication. That’s because 
there’s no such thing as matrix division, primarily because the definition of matrix mul- 
tiplication isn’t based on ordinary multiplication. Hence, we’ll never ever write A/B or 
A +B. There’s just no such operation. On the other hand, it’s equally important to be 
able to solve matrix equations involving multiplication, even one as simple as AX = I). 
We'd like to say that X = I,,/A, but that’s exactly what we can’t say. But it’s even worse 
than that. Try the next exercise to see what can go wrong (and right). 


Exercise B.11. For each equation, find all 2 x 2 matrices X € M,(R) that solve the 
equation, or determine that no such matrix exists. 


ap | 1 0 ip 1 0 
fe e=[o 1] ofS =p 


2.4 1 0 2.4 £20 
© {5 2}e=[0 1] fe r= 


Now repeat these same exercises, but reverse the order of the matrices in the prod- 
uct on the left hand side. Do your answers change? 


Of particular interest to us are the simple matrix equations AX = I,, and XA =I, 
when A is a square matrix. As we’ve seen in Exercise |B.11} we can’t always solve such 
equations. Identifying those square matrices A that work nicely would be very helpful. 


Theorem B.12. Let A and B ben Xn matrices. Then AB = I, if and only if BA = I), 
and if C is any n x n matrix such that AC = AB = I, or CA = BA = I,, thenB =C. 


Definition B.13. Let A be an n xX n matrix. We say A is an invertible matrix if and 
only if the matrix equations AX = XA = I, have a solution. The unique solution to 
those equations is called the inverse matrix of A, denoted At, 


Theorem B.14. Let A be an invertible n x n matrix. Then for any n x n matrix B, the 
matrix equation AX = B has a unique solution, X = A7'B, and the matrix equation 
XA = B has a unique solution, X = BA}, 


Invertible matrices are precisely those matrices that “undo” the multiplication pro- 
cess. Finding formulae for inverses of a matrix are nice, but for learning abstract al- 
gebra, they’re really not all that useful. However, inverses of 2 x 2 matrices are pretty 
easy to compute, and they provide some of the best examples in this subject. Hence, 
let’s at least give a tool to detect when such a matrix is invertible and derive a formula 
for the inverse of a 2 x 2 matrix. 
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Theorem B.15. Let A = Ic | € M,,(C). Then A is invertible if and only if 
ad — bc # 0, and when ad — bc # 0, we have A“! = 2 
: , ~ ad—be}|-c af 


Exercise B.16. Determine if the matrix is invertible. If so, compute its inverse. 


2 1 2 1 
of of y 
2 1 2 1 
off of | 


Let’s close this section with three basic, but important, properties of inverses. 
Theorem B.17. Let A, B ben x n invertible matrices. 
(1) AB is invertible, and (AB)! = B-!A7}. 
(2) I, is invertible, and I7' =I. 
1 


(3) AW! is invertible, and Caae =A, 


Exercise B.18. It’s easy to dismiss this theorem as obvious or irrelevant, especially 
part [I To help you appreciate that there’s really something there, take the following 


two matrices: 
2) A, 1 2 
af ib aL A} 


(1) Compute AB, and use the formula for the inverse of a 2 x 2 matrix to compute 
(AB)71. 


(2) Next, compute A~! and B-!. 


(3) Finally, compute both A~!B~! and B-147!. 


(4) Based on your answers, does (AB)~! = A~!B~!? How important is the order in 
which you multiply A~! and B~! to compute (AB)~!? 


B.3 Determinants 


For a 2 x 2 matrix A, not only do we have a formula for A7! whenever A is invertible, 


we can detect if A is invertible by the use of a simple computation: if A = F ak 


then A is invertible if and only if ad — be ¥ 0. It sure would be nice if there were such 
a formula for any n x n matrix that would identify exactly those matrices that were 
invertible. Well, there is, but its definition isn’t particularly satisfying. Let’s get the 
formula written, then we'll see what’s essential about this computation. 
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4, 2 * Ayn 
oe a a ee a : 
Definition B.19. Let A =| 21 °27 | 2” | be ann Xn matrix, n > 1. The 
an, Qn,2 ah Ann 


determinant of A, denoted det(A), is given recursively by the equation 


422 423 ** Arn M21 G23 ** Arn 
det(A) = a, ; det ec “ 7 a — a,» det ae 2 _ on ae 
an2 An3 wae ann Ani an3 sists Ann 
Ay, Az2 "Agni 
“4 (ayy det] 032 Sot 
an, Qn,2 oa Qn,n-1 


where the determinant of a 1 x 1 matrix [a] is given by det[a] = a. 


In other words, look at the n different (n — 1) x(n —1) matrices you can form from 
A by removing the first row and any column. Once you find the determinant of each 
of those matrices, multiply it by the entry in the first row corresponding to the column 
you removed, with either a + or a — depending on the column you removed. 


Theorem B.20. Let A = k 4| be a2 x2 matrix. Then detA = ad — be. 


Notice what the determinant does for us in the 2 x 2 case: it tells us exactly when 
the matrix is invertible! This fact about the determinant is true in general, but the 
derivation is just too ugly and unnecessary for us here. So, rather than derive this and 
other facts about the determinant, we'll list them in the following key theorem for us 
to use in this book. 

Theorem B.21. Let A, B ben Xn matrices. 

(1) A is invertible if and only if det A # 0. 

(2) det(AB) = det(A) det(B). 

(3) Ifc € C, then det(cA) = c” det(A). 

(4) det) = 1. 

(5) IfA is invertible, then det(A—!) = 1/ det(A). 


These last properties of determinants are the really useful facts to know for abstract 
algebra. The following exercises will get you prepared for how to use determinants. 


Exercise B.22. As a corollary of Theorem prove that if.A isan nxn matrix, then 
det(A*) = (det(A))* for all positive integers k. Furthermore, when A is invertible, 
prove that det(A*) = (det(A))* for all integers k, where A° is defined to be I,,. 


Exercise B.23. Suppose A and B are n X n matrices, with B invertible. Show that 
det(A) = det(BAB™!). In particular, find an example where A #4 BAB™!, but compute 
their determinants directly to show that their determinants are the same. 
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Exercise B.24. As a final application, we say that an n x n matrix A, whose entries 
are given as aj ;, is upper triangular if and only if a;,; = 0 whenever i > j (lower 
triangular matrices are defined similarly). Prove that if A is upper (or lower) triangular, 
then det(A) = a1,1@22 -*: Gy,,. Conclude that an upper (or lower) triangular matrix is 
invertible if and only if a;; 4 Oforalll <i<n. 


Complex numbers 


C.1 Complex arithmetic 


Complex numbers were happened upon by accident, almost. When mathematicians 
in the 16" century were attempting to find solutions to cubic equations, part of their 
process led them to discover the usefulness of performing computations with square 
roots of negative numbers. Once a set of rules for the arithmetic of these new complex 
numbers were codified, mathematicians could begin investigating their properties, as 
well as their application to understanding unsolved problems. As we are primarily 
interested in the algebra of complex numbers, that is what we will focus our attention 
on here. 

Before we define these new objects carefully, let’s try to recreate part of what was 
originally discovered. Solving polynomial equations (not just cubic equations) led 
mathematicians to consider objects of a certain form: a+ bi, where a, b € R, but where 
i was a symbol that needed a set of rules to govern its computation under addition and 
multiplication. 


Definition C.1. The set of complex numbers is denoted C and is given by 
C = {a + bi|a,b € R}. Given a complex number z = a + bi, the real number a is 
called its real part, and the real number b is called its imaginary part. Addition and 
multiplication of elements of C are defined as follows: 


(1) (a+ bi) + (c+ di) = (a+c)+ (b+ d)i, for all a,b,c,d ER. 
(2) (a+ bi) - (c + di) = (ac — bd) + (ad + bc)i, for alla,b,c,d ER. 


Let’s look first at addition of complex numbers. An easy way to understand this 
operation is to notice that addition of two complex numbers is performed by adding 
their real parts and by adding their imaginary parts (we say that this addition is done 
component-wise). Furthermore, the set R of real numbers is a natural subset of C, as 
each real number x can be written as a complex number with imaginary part equal to 
0. In like manner, the complex numbers whose real part is equal to 0 are called the 
pure imaginary numbers, denoted iR. 
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It’s multiplication that really makes this interesting. What the definition of mul- 
tiplication is really telling us, though, is the meaning of the symbol i and what an ex- 
pression like i? means. Specifically, if you apply the definition of multiplication above 
to compute i* = i - i, you get 


i? =(0+1/(0+ 1i) =(0-0—-1-1)+(0-141-0) =-1. 


In other words, we have that i2 = —1, which is exactly what was discovered centuries 
ago — an object that is a square root of —1. In particular, the rule for multiplication is 
much more easily remembered by using the high school “FOIL” method for applying 
the distributive law: 


(a+bi)(c+di) = ac+adi+bci+bdi* = ac+adi+bci+bd(—1) = (ac—bd)+(ad+bc)i. 


Now that we've defined addition and multiplication of complex numbers, let’s 
address the complementary issues of subtraction and division. Subtraction is pretty 
straightforward: to compute the difference of two complex numbers, you simply sub- 
tract the real and imaginary parts to get (a + bi) —- (c+ di) = (a—c) + (b—d)i. Simple 
enough. 

On the other hand, division takes a little ingenuity. In fact, let’s use this opportu- 
nity to prove a quick lemma that uses our definition of multiplying complex numbers. 


Lemma C.2. Let z = a + bi be a complex number. Then (a + bi)(a — bi) = a? + b?. 


Definition C.3. If z = a+ bi is a complex number, then its complex conjugate is 
denoted Z and is given by z = a — bi. 


What the lemma tells us is that the product of a complex number z with its conju- 
gate Z is a nonnegative real number, and that zz = 0 ifand only if z = 0. 


Exercise C.4. Show that the sum of a complex number and its complex conjugate is a 
real number and that their difference is a pure imaginary number. 


There are a few facts about complex conjugates that you might like to know, so let’s 
prove a quick theorem concerning them. 


Theorem C.5. Let z,w be complex numbers. Then z+ w = Z+ Wand Zw = Zw. 
Corollary C.6. Let z be a complex number. Then z” = Zz for all nonnegative integers n. 


It’s Lemma [C. that gives us the ability to divide complex numbers. We'll proceed 
slowly at first, and then we'll give the process of division in general. 

Let’s begin with the reciprocal of a complex number z = a + bi, where z # 0. If 
we multiply the numerator and denominator of 1/z by the complex conjugate z of the 
denominator, we get 


a oe 1  a-bi_a-bi__ a_i F 

at+bi at+bi a—bi a#+b2? a®+b2 a2+b2" 
Notice that this is still a perfectly valid complex number, since the quantity a? + b? isn’t 
zero. Hence, using the complex conjugate of a complex number provides a pretty good 


means to take its reciprocal. 
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That idea works for division in general. Whenever you want to divide a complex 
number z, = a, + b,i by a nonzero complex number Zz, = a, + byi, multiply both z, 
and z, by Z3, and then divide z,Z5 by z2Z, to get the desired quotient. The computation 
below demonstrates this algebraic process, but don’t try to memorize this as a formula. 
It’s more important to remember the process itself: multiply the top and bottom by the 
conjugate of the bottom. 


ait byi _ (a, + b,i)(az _ bi) _ (28 + wee + [SS = wire) 
a, +bzi (a, + bg i)(az — bai) ay + b3 ay + b3 


Exercise C.7. Let’s practice to get these computations down. For each pair of complex 
numbers z, w, compute z + w,Z — w,Z- w, and Z/w. 


(1) z=344i,w =2-i 

(2) z=6,w =3i 

(3) z=—-7—-2i,w = V5 42i 

(4) z=—8 + 8i,w = (1/y2) + (1y2)i 


Exercise C.8. One of the really fun things about this imaginary unit i is the proper- 
ties it has under exponentiation. Specifically, prove that for all integers k, we have 
itk = 1, i4k+1 = j, i4*+? = -1, and i**+3 = -i. (In other words, show that the powers 
of i cycle through the numbers 1, i, —1, and —i.) 


Exercise C.9. It’s worthwhile to make sure that everything we expect to happen with 
arithmetic really does work. Verify that if u,v, and w are complex numbers, that 
u(v + w) = uv + uu, and that if you take the reciprocal of w7!, you do, in fact, get 
w back. 


C.2 The geometry of complex numbers 


One of the most compelling and beautiful aspects of complex numbers is their visu- 
alization. For real numbers, we have the real number line, of course. That, too, is a 
very useful way to visualize the real numbers, as we can see both the distance between 
numbers as well as which numbers are greater than others. But complex numbers have 
both a real and an imaginary part, which is a pair of real numbers. It seem natural, 
then, to use a plane to visualize complex numbers. In fact, let’s use the Cartesian plane 
as our model and see where this takes us. 

Like the Cartesian plane, we'll use a pair of numbered axes, one horizontal and 
one vertical, to help identify and plot complex numbers. The horizontal axis is called 
the real axis, and the vertical axis is called the imaginary axis. The complex number 
z = a+ bi corresponds to the intersection of the vertical line passing through the 
number aon the real axis, and the horizontal line passing through the number b on the 
imaginary axis. We call this visual construction of the complex numbers the complex 
plane, and this is precisely how one plots the point (a, b) on the Cartesian plane. 

There are some specialized terms that accompany the construction of the complex 
plane. 
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Figure C.1. The Complex Plane, Rectangular Form 


Definition C.10. The complex number 0 = 0 + Oi in the complex plane is called the 
pole. The distance from a complex number z = a+bi to the pole is called its modulus, 
which is denoted by |z| and is given by |z| = Y a2 + b2. The set of all complex numbers 
with modulus 1 is denoted U. 


The main advantage of this approach to describing complex numbers is that it 
matches the form of a complex number. That is, a complex number z = a + bi has 
a real part and an imaginary part, so we use a real axis and an imaginary axis to plot 
points in a rectangular manner. A Cartesian plane approach is natural. 

But the use of rectangular coordinates isn’t the only way to describe points in the 
plane. An equally valid and useful manner to describe complex numbers is through 
polar coordinates. As a reminder, identifying points in the plane via polar coordinates 
requires a radial distance from the origin and an angle from an axis. In our case, the 
modulus serves as the radial distance from the pole to the complex number z = a + bi. 
As for the angle, we'll use the positive portion of the real axis as our reference for its 
angle. 

If we’re going to use polar coordinates, though, there really ought to be a way to 
rewrite a complex number that suggests its use. Let’s start with a complex number 
z = a+bi, and since its modulus is a real number, let’s factor out that quantity from that 
expression, to give z = |z|(a/|z| + b/|z|i). However, the complex number a/|z| + b/|z|i 
is a distance of 1 from the pole, which means it’s on the unit circle U. Consequently, 
we conclude that a/|z| = cos @ and b/|z| = sin 8, which means that we can write our 
complex number in the form z = r(cos @ + isin @), where r > 0. 
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Exercise C.11. For each complex number, identify its modulus and its nonnegative 
angle less than 27. 


(1) z= 242i (3) z=- i 


(2) z=y3+i (4) z=—Si 


al 


To see what’s really going on with polar coordinates, though, we turn to a famous 
formula due to Leonhard Euler that describes complex numbers on the unit circle. His 
key contribution here is what’s known as Euler’s formula: 

cos @ +isin@ = e!9, 
This gives us what we'll call the standard polar form of a complex number: 
z= rel®, 


where r is its nonnegative modulus and @ measures the angle z makes with the positive 
real axis. Notice too that whenever 6 measures the angle z makes with the positive real 
axis, so will 6 + 27k for any integer k. Hence, there’s not a unique angle that describes 
the polar form of a complex number. 
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Figure C.2. The Complex Plane, Polar Form 


Exercise C.12. Rewrite each of the complex numbers in Exercise |C.1]]in its standard 
polar form. 


How do these two forms of complex numbers help us understand complex arith- 
metic? Let’s take two complex numbers and see what happens when we try adding 
them. Since addition of complex numbers is done by adding the real and imaginary 
parts, using rectangular coordinates seems the most natural approach. Indeed, adding 
complex numbers corresponds to a “parallelogram” rule, which you can see below. If 
you draw the two complex numbers z = a + bi and w = c + di in rectangular form, 
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and then form the parallelogram these two complex numbers determine with the pole, 
their sum is the fourth vertex of the resulting parallelogram. If you’ve studied vectors 
before, this should seem very familiar. 
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Figure C.3. The Sum of Complex Numbers 


It’s multiplication of complex numbers that’s most geometrically satisfying, 
though. This time, notice that the standard polar form of a complex number z = re!® is 
already a product. Hence, let’s take two complex numbers written in polar form, and 
see what happens when we try multiplying them. Here, let z = re’ and w = se’¥ 
be two complex numbers in polar form. When we form their product, we obtain the 
following: 


zw = (re!®)(se) = (rs)eiO+¥), 


This has a very specific interpretation. First, the distance from zw to the pole is 
the product of the distances r and s. Second, the angle that zw makes with the positive 
real axis is the sum of the two angles. Put differently, if you take a particular complex 
number z, and multiply it by w = se’, the result is a rotation of z by an angle 7, along 
with a stretch away from the pole (when s > 1) or towards the pole (when s < 1) bya 
factor of s. That’s some very beautiful geometry! 


Exercise C.13. Once again, go back to the four complex numbers in Exercise |C.1]], 
Practice adding and multiplying several of them, but express this geometrically using 
rectangular coordinates for the sum and polar coordinates for the product. 

Exercise C.14. The complex conjugate and the reciprocal of a complex number also 
have very satisfying geometric interpretations. Verify that if z = re!®, then z = re~® 
and 1/z = (1/r)e~'®. Draw the results geometrically using polar coordinates. 


The last important takeaway from this section is the following theorem. 


Theorem C.15. Let z, w be complex numbers. If |z| = |w| = 1, then |zw| = 1. 
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Figure C.4. The Product of Complex Numbers 


C.3 Complex solutions of equations 


The first section of this book describes abstract algebra as the pursuit of solving equa- 
tions, and the development of complex numbers specifically was in response to solving 
polynomial equations. Let’s put together the facts we’ve obtained so far to describe 
solutions to some specific (and important) polynomial equations. 


Theorem C.16. Suppose p(x) = a,x" + «+» + aX + dg is a polynomial with real coeffi- 
cients. If z is a solution to the equation p(x) = 0, then so is Z. 


A common way to remember this theorem is that complex solutions to polyno- 
mial equations (with real coefficients) come in conjugate pairs. Many students have 
seen this before when trying to solve quadratic equations using the quadratic formula. 
That’s because the quadratic formula provides the solutions to the equation 


ax? +bx+c=0Oas 
—b + vb? — 4ac 


x = ————__, 
2a 
and when b?—4ac < 0 (called the discriminant), you obtain a pair of complex solutions, 
which are complex conjugates of each other. What the theorem tells us is that this 
always happens whenever you have complex solutions to a polynomial equation with 
real coefficients. 


Aside. Part of what motivates this subject is not simply trying to solve equations, but 
to describe their solutions using radical expressions like the quadratic formula. For 
instance, solutions using radicals to the cubic equation ax? + bx? +cx +d = 0 were 
discovered in the 16 century using complex numbers. If you want to know if there 
are other formulas for higher degree polynomial equations, you’ll have to find that out 
on your own! 
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The other important equation to analyze is the equation z” = c, where n is any 
positive integer and c can be any complex number. The idea, of course, is to take the 
n' root of both sides. But how do we take the n' root of a complex number? 

We once again turn to polar coordinates to help us. First, we write c in the form 
c = re!®. Next, we rewrite our original equation using this polar form: git = re: 

1. 
Finally, we raise each side to the - power and simplify, to get z = rme’x. Seems simple 
enough. 

Unfortunately, there’s a small wrinkle here. For instance, if we were to solve the 
very, very basic equation z* = 1, there’s not just one solution — there’s two: z = +1. 
How did our method not detect multiple solutions to an equation as simple as this? 

The problem lies in how we think of the angle 6 when describing complex numbers 
in polar form. That’s because the angle isn’t unique! There are infinitely many equally 
valid angles you can use for a given complex number’s polar form, but they all differ by 
an integer multiple of 27. That is, if re’? is the polar form of a complex number, then 
so is re!(®+27k) for any integer k. This insight yields the main theorem for solutions to 
this equation. 


Theorem C.17. Let c = re!® be any nonzero complex number, with r > 0. Then for 
any nonnegative integer n, the n distinct solutions to the equation z" = c are given by 
z= pnei(O+2nkn for ck <n. 


Corollary C.18. The n distinct solutions to the equation z” = 1 are the complex numbers 
G, = el@zkin) k = 0,1,...,n-1. 


Definition C.19. A complex number is called an n™ root of unity if and only if it is 
a solution to the equation z” = 1. We denote the set of all n™ roots of unity by U,,, and 
we denote the elements of U,, by & = e27)/",k = 0,1,...,n—1. 


Notice that the n' roots of unity form the vertices of a regular n-gon on the unit 
circle. 


Exercise C.20. Solve the following equations, and graph the solutions. 


(1) z4 = 625 (5) 22=3-i 
(2) z? = -128 (6) z4 =-9- 9i 
(3) 23 = —48i (7) z©=1 
(4) 2° =27i (8) zt=1 


There’s a special fact about ¢,, which the following theorem demonstrates. 


Theorem C.21. Let ¢, = e(@7/",k = 0,1,...,n — 1 be ann" root of unity. Then 
(Gy = ¢, forO<k<n-1. 


What this theorem says is that we can understand the n" roots of unity simply as 
powers of one particular n" root of unity, namely ¢. This element, ¢, is an example 
of what’s known as a primitive root of unity. Part of what you'll investigate in this book 
is which, if any, other n" roots of unity are also primitive. 
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